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Error-free Approximation of Explicit Linear MPC
through Lattice Piecewise Affine Expression

Jun Xu* Senior Member, IEEE, Yunjiang Lou* Senior Member, IEEE, Bart De Schutter, Fellow, IEEE, and
Zhenhua Xiong Member, IEEE

Abstract—In this paper, the disjunctive and conjunctive
lattice piecewise affine (PWA) approximations of explicit lin-
ear model predictive control (MPC) are proposed. Training
data consisting of states and corresponding affine control
laws are generated in a control invariant set, and redundant
sample points are removed to simplify the construction
of lattice PWA approximations. Resampling is proposed to
guarantee the equivalence of lattice PWA approximations
and optimal MPC control law at the sample points. Under
certain conditions, the disjunctive lattice PWA approxi-
mation constitutes a lower bound, while the conjunctive
version formulates an upper bound of the original optimal
control law. The equivalence of the two lattice PWA ap-
proximations then guarantees error-free approximations in
the domain of interest, which is tested through a statistical
guarantee. The performance of the proposed approximation
strategy is tested through two simulation examples, and the
results show that error-free lattice PWA approximations can
be obtained with low offline complexity and small storage
requirements. Besides, the online complexity is less com-
pared with the state-of-the-art method.

Index Terms— linear MPC; lattice piecewise affine; error-
free approximation.

[. INTRODUCTION

The impact of model predictive control (MPC) on the
industry has been recognized widely [1], and the complexity of
online optimization restricts the prevalent application of MPC
[2]. To alleviate this situation, explicit MPC was proposed
[3], in which the linear MPC problem is formulated as
a multi-parametric quadratic programming (mpQP) problem
and solved offline. The optimal control law is proved to be
continuous piecewise affine (PWA) with respect to the state.
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The subregions, as well as the corresponding affine functions
defined on them, are recorded. For online implementation,
given the current state, one must only find the subregion
in which the state lies, and the function evaluation of the
corresponding affine function gives rise to the optimal control
law.

However, the offline construction of such subregions, the
memory required to store them, and the online search for the
right subregion are the main limitations of explicit MPC [4].
Much work has been done to solve these three problems.
To overcome the complex offline geometric computations,
combinatorial approaches are proposed based on implicitly
enumerating all possible combinations of active constraints
[5], [6]. To reduce the memory required to store the infor-
mation of subregions and control laws, region-free explicit
MPC is proposed [4], [7]. Moreover, the online search com-
plexity can be reduced by storing additional information [8],
[9], introducing an improved binary search tree (orthogonal
truncated binary search tree) [10], or resorting to the method
of convex lifting [11], [12]. The lattice PWA representation has
also been used to exactly express the explicit MPC control law,
resulting in a much lower storage requirement [13], [14]. As
the complexity of solving the explicit MPC problem increases
exponentially with size of the optimization problem, all the
above methods can only alleviate the computational burden to
some extent.

Another idea is to formulate the approximate MPC con-
troller [15], [16] or semi-explicit MPC controller [17]. In
these methods, training data containing the values of states
and corresponding optimal control laws of the MPC problem
are generated, and the approximated controller is constructed
using these data. In general, the samples are required to be
distributed sufficiently evenly over the domain [18]. Different
approaches have been used to generate the approximation,
such as the canonical piecewise linear function [19], radial
basis functions [20], wavelets [21], and so on. In addition,
reinforcement learning has also been used to derive a data-
driven MPC control law in [22]. In the work of [16], [21], and
[23], the approximations are based on particular partitions of
the domain of interest, and the interpolation-based algorithm
can be developed [24]. Approximations by neural networks
or basis functions generally require computationally expen-
sive optimization-based training, and the interpolation-based
algorithm always introduces partitions of the domain that are
different from the domain partitions in the explicit linear MPC



law.

In our previous work [14], the lattice PWA representation
of the explicit MPC control law was derived, which, however,
also depends on the result of explicit MPC, and scales poorly
with the size of MPC control problem. To resemble explicit
MPC control law to a larger extent and also to handle the
issue of high offline complexity in explicit MPC, this paper
proposes an approximation approach in the domain of interest,
in which the explicit MPC control law needs not be obtained
in advance. Specifically, data containing sampled states and
corresponding local affine functions are employed to derive
the lattice PWA approximation, which can be guaranteed to
be statistically error-free, i.e., coincide with the explicit MPC
control under certain assumptions. Moreover, the worst-case
offline calculation complexity depends mainly on the number
of sample points, which scales well with the state dimen-
sion. A preliminary thought of the disjunctive lattice PWA
approximation of explicit linear MPC was presented in [25],
in which the approximated control law is not guaranteed to be
error-free. However, in this work, under certain assumptions,
the disjunctive and conjunction lattice PWA approximations
constitute the lower and upper bounds of the optimal MPC
control law, and the equivalence of the two approximations
ensures that the two approximations are identical to the opti-
mal control law in the domain of interest. The approximation
can also be simplified to lower storage requirements and online
computational complexity.

The rest of this paper is organized as follows. Section [l
gives the preliminaries about the explicit linear MPC problem
and the lattice PWA representation. The offline approximations
of the explicit linear MPC control law through the lattice
PWA expression are given in detail in Section 3, in which the
construction of the sample domain, sampling and resampling
procedures, simplifications of the approximations, online eval-
uation of the approximations, and the complexity analysis are
provided. In Section 4, the approximation error is analyzed.
Section 5 provides simulation results, and the paper ends with
conclusions and plans for future work in Section 6.

Il. PRELIMINARIES
A. Explicit linear MPC problem

In particular, MPC for a discrete-time linear time-invariant
system can be cast as the following optimization problem at
time step t:

Np—1
minJ (U, z(t)) = V(@einy ) + Y, 0(@epkfe Wernye)
= (1a)
St Tyypy1r = ATyqppr + BUpyp, k=0,...,N, =1
(1b)
Tiyp €XE=0,..., Ny (1c)
Uy EUE=0,...,N, — 1 (1d)
Tipn, |t € Xy (1e)

variable is U =
the prediction horizon.

in  which the optimized

T T T :
[ut‘t,...,ut+Np_1‘t] , N, is

The variable x,;, = «(t) € R", and x;; € R"=,
Upipe € R™ denote the predicted state and input at time
step t + k, respectively, using (IB). The terminal penalty is
denoted as V' and v(-,-) is the stage cost; X,X; and U are
full-dimensional polyhedral sets of appropriate dimensions.
In this paper, we assume a strictly convex cost, i.e.,
V(ther\t) 33tT+N |tQNp33t+Np\taU($t+k|t7ut+k\t) =
mg:;,_k‘tkat-i-klt + Uy Quibekp, in which Q>
0,Qk,@n, = 0. After solving the optimization problem (IJ),
the optimal U* = [(uz‘lt)T, cee (u:‘+Np_1|t)T}T is obtained,
and only u:| , is applied to the system. The optimization
problem is subsequently reformulated and solved at the next
time steps by updating the given state vector x(t).

It has been proved in [3] that the solution U™ is a contin-
uous PWA function of the state (t), and we use x instead
hereafter in this paper. The definition of a continuous PWA
function is presented as follows.

Definition 1: [26] A function f : Q@ — R™, where Q C
R™= is convex, is said to be continuous PWA if it is continuous
on the domain €2 and the following conditions are satisfied:

1) The domain space § is divided into a finite number of
nonempty convex polyhedra, i.e., Q@ = UY,Q;, Q; # 0,
the polyhedra are closed and have non-overlapping inte-
riors, int(£2;) Nint(Q;) =0, Vi,j € {1,... ,N},i £ 7,
in which int(-) denotes the interior of a set. These poly-
hedra are also called local regions. The boundaries of
the polyhedra are nonempty sets in (n — 1)-dimensional
space.

2) In each local region §2;, f equals a local affine function
eloc(i):

f(.’l)) = Eloc(i) (CC), Vz € Q,

in which the subscript loc(i) denotes the index of local
affine function in €;.

The local affine function, as well as local regions in
the continuous PWA function U*(x), are obtained through
the Karush-Kuhn-Tucker (KKT) conditions of the following
mpQP problem,

o1
min-2T Hz
z

(2a)

st.Gz<w+ Sz (2b)

in which z = U + H~'FTg, and the matrices H, F, G, S as
well as the vector w are obtained through (I).

For a given state x, solving () yields the optimal solution
z*, which together with & can determine the active and inac-
tive constraints in B). Assuming that G € RP*Ne™u qp €
RP,S € RP*"  and G;,w;, and S; denote the i-th row of
G,w, and S, respectively. If the i-th constraint is active, we
have G;z = w; + S;x; if it is inactive, we have G,z <
w; + S;x. Then, the active as well as inactive index sets can
be written as

A ={je{l,...,p}|G;z" = w; + S;x}

and
N*={je{l,....p}|G;z" <w; + Sz},

respectively. It is apparent that A* = {1,...,p} \ N'*.



For a particular A*, assume G _4- is full row rank, according
to the KKT conditions evaluated at  and z*, we have

z" ZH_lGT*(GA*H_lGT*)_l(wA* + Sax). (3)

The local region for which the local affine function (@) is
defined is a polyhedron in the feasible state region, which is
called critical region and can also be constructed through the
KKT conditions, i.e.,

CR(x) = {m Gz* < W+ 5=

{ (Ga-H'GL)Hwar + Sa-x) <0 } }
4)

Once the optimal solution z* of the optimization problem
@) is available, we can easily obtain the optimal U* as

Ur=z"—H 'Flg, (5)

which is also affine within the critical region CR ().

Remark 1: For the case in which G 4« is not full row rank,
and assuming that the rank of G 4~ is 7, we can then arbitrarily
select r independent constraints and proceed with the new
reduced active index set [27].

In order to obtain the continuous PWA control law, one must
obtain all the local affine functions and critical regions, i.e.,
one must enumerate all possible active index sets .A*, apply
the KKT conditions accordingly [5], [6], [28], and the multi-
parametric toolbox 3.0 (MPT3) [29] can be used to fulfill this.

B. Lattice PWA representation

For the continuous PWA control law obtained through
MPTS3, the lattice PWA representation is presented in our
previous work [14] to express this continuous PWA function.

Lemma 1: [14] Letting f be a continuous PWA function
defined in Definition 1, then f can be represented as

flx) =

or
f(=z)

in which I, = {]\E( ) boci) (), Ve € Ty}, I<; =
{iltj(x) < lioepy(x), V& € Ty}, and the expressions
minjer, ,{¢;(x)} and max;ecr_ {¢;(x)} are called terms of
fLa and fpc, respectively. The affine function f1,c(;)(x) is
called a literal, representing the local affine function in I';.

fra(z) = max {‘Ienin {Ej(a:)}}, veel, (6)
j

Z:L...,N >

= fre(x) = } Ve e, (7)

Jj€l<

‘ mln { max {{;(x
>

The region I'; is a base region with U 'y =Tand I';NT;

(), Vi # j. The base region is a subset of the local region, and
no other affine functions intersect with ¢;(x) at some point in
the interior of I';, i.e.,

{zlt; () = boc(iy (®), 5 # i} Nint(Ly) = 0. (8)

Here, to avoid excessive use of notation, we just use loc(¢)
to denote the local affine functions of some region, whether it
is a local region in Definition [I] or base region, which is part
of the local region and additionally satisfying ().

The expressions (@) and (@) are called full disjunctive and
conjunctive lattice PWA representations, respectively, in which

r1 =X

8x1 — 5wy = 1

sl TLmot2 = 2o

07t €1 QQ

061 9371 T B
V5 1+ 8I2 =1

041

03

0.1

02 .
Q3,2_ QS xTro 9373

0 0.1 02 03 0.4 05 06 07 08 09 1

T

(a) Subregion.

(b) Function.

Fig. 1. The continuous PWA function in Example 1.

the names “disjunctive” and ‘“‘conjunctive” come from the
terminology in Boolean algebra.

Considering a two-dimensional continuous PWA function
(@) with three affine pieces, Fig. [Il illustrates the base region
and corresponding PWA function.

Example 1: The expression for the two-dimensional con-
tinuous PWA function with three local affine functions is as

follows,

61(5(3) = 80x7 — 50x9 — 10 if x e Ql,
f= ég(ﬁc) = —50x1 + 80x2 — 10 if @ € Q, ©)]
63(;1;):0 if x € Qg,

the polyhedral regions and the two-dimensional function f are
shown in Fig. [Tl This example has also been studied in [30].
For this simple example, we have three polyhedral regions,
e., 1, Q9, and Q3, with local affine functions 6100(1) =
01, loc2) = €2, li0c(3) = ¥3. The polyhedral regions €2; and
) are base regions and {23 is not, i.e., in int(€2;) and int(s),
no other affine functions intersect with ¢, and /s, respectively,
but the intersection of ¢1,/¢3 and /5, {3 are in the interior of
3, shown as the green and purple dashed lines, respectively.
Then €23 can be partitioned into three base regions €23 1,23 2
and Q33 by these two dashed lines, and we have (jo¢(3,1) =
eloc(S,Z) = gloc(S,B) = /3.
According to the full disjunctive lattice PWA representation,
we have five index sets I ; corresponding to the five base
regions 21, {)s,€3 1,823 2,23 3, which can be expressed as



follows,
Iz,l - {172}7-[2,2 - {172}7-[2,5 - {273}a
I> g = {3}, 1> 5 = {1,3}.

And we have the following full disjunctive lattice PWA
representation,

f(x) = max{min{¢y, {2}, min{¢y, {3}, min{¥ls, {2},
63, IIliIl{Eg,fl}}.

After removing redundant terms, we have
fr.a = max{min{¢y, l2}, {3}

Similarly, we can obtain the full conjunctive lattice PWA
representation as,

fL,c = min{max{ﬁl, fg}, max{ég, 63}, max{& s fg}
max{£1 y EQ, 63}, max{ég, [3}},

(10)

which can be then simplified to

fr,c = min{max{¢y, {5}, max{ls, l3}}. (11)
According to Lemmal[Il we can represent a continuous PWA
control law using a lattice PWA function (either disjunctive
or conjunctive). However, as explained in Section [[=A] for
problems with a large number of constraints and a high-
dimensional state, the number of possible combinations of
active constraints increases exponentially, and the derivation
of the explicit MPC solution is extremely computationally
expensive. Besides, partitioning the critical region into base
regions is not possible for even medium-size problems, i.e., in
[14], for a four-dimensional system, partitioning 890 critical
regions into base regions is prohibitive.

Hence, in this paper, we propose an approximated contin-
uous PWA control law by sampling only a series of states in
the domain of interest, which avoids the usage of MPT3 and
the partitioning of the domain into base regions.

Il1. LATTICE PWA APPROXIMATION OF EXPLICIT LINEAR
MPC CONTROL LAW

A. Generation of sample points

As mentioned before, the explicit linear MPC control law
U* is a continuous PWA function with respect to the state x.
Then the first element of U*, which is ug, is also a continuous
PWA function of x, i.e., uj is affine in the local regions
that  lies in. Denote the domain of x defining ug as T,
in this paper we focus on the approximation of the PWA
function u(; on I', and the affine functions and base regions
are recorded accordingly. For simplicity, we omit the subscript
in ug hereafter in the paper and use u* instead, besides, we
set n,, = 1, however, the proposed methodology can be easily
extended to the case when n, > 1.

1) Domain of interest: The sample points are generated in
the domain of interest, which is a polyhedron control invariant
set Q of the linear system (IB). Specifically, we set N,
initial sample points, and for each initial point, we solve
the MPC problem (@) at subsequent time instants to generate
N, convergent closed-loop trajectories. As shown in Section
[I-Al the optimal control law is an affine function of the state
within the corresponding critical region; the state points and

corresponding affine functions on the trajectories are recorded.
Assume all the points on the NN, trajectories constitute a set
Xy ={x1,...,&N,, }, in general, N, < Ns;.Forallz; € &},
the affine function £, (;)(x) is recorded, i.e.,

Lace (i) (®s) = ug = u™ (), (12)

in which act(¢) denotes the index for the affine function
corresponding to x;, and the set {{ucs(i)li € {1,..., No1}}
constitute the set /1. The domain of interest is then set as the
convex hull of all the sample points x; € A7, i.e.,

Q = conv(Xy).

We demonstrate that the set ) is control invariant. Actually,
for any x € conv(A;), according to the definition of the

convex hull, there is a nonzero A = [A1,...,An,,]7 with
Ny

> A; =1, such that

i=1

T, EX

For each x; € A, as it is a point on a specific trajectory, the
succeeding state Ax; + Bu; is also on the same trajectory, in
which u; is calculated through solving (@), meaning that

Ax; + Bu; € conv(Xy),

then by taking

u = Z )\iui,

T EX

we have

Ax + Bu = Z Xi(Ax; + Bu;) € conv(Xy),
x; €EXp

i.e., the set ) = conv(X}) is control invariant.
Example 2: Fig. 2l shows the domain of interest for a two-
dimensional system, which is introduced in [31]. The system

dynamics can be written as
T2
Jaut | F |

LTr4+1 = { LT
’ 0 1
where the sampling interval T is 0.3. Considering the MPC
problem with @ = diag(1,0), R = 1, and P is the solution
of the discrete-time algebraic Riccati equation, the prediction
horizon is set to be 10. The system constraints are —1 <
up <1, =2.8 < x,1 < 2.8, and —0.8 < 750 < 0.8. 289
trajectories are generated in the region [—2,2] x [—0.6,0.6],
resulting in 9,112 sample points, shown in blue diamond, and
the domain of interest is the convex hull of all the sample
points, shown in red. The feasible region calculated through
MPT3 is shown in grey.

Remark 2: The construction of {2 is computationally chal-
lenging for high-dimensional problems. In this paper, we
restrict the initial points of the sampled trajectories within
a user-defined area (), e.g., a hyperrectangle or some other
regular convex set. The domain of interest €2 is then set as
the convex combination of all convergent trajectories starting
from points in €.
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Fig. 2. Sample points, the domain of interest and the feasible region for
a two-dimensional example.

2) Obtaining the affine control laws: According to Section
AL for a feasible state @;, the affine function loeq(;)(x;) can
be calculated through solving (@), @), and (@), i.e.,

U*(x;) = 2% (x;) — H ' Flx;, (13)

and

[ Inu X Mgy 0

in which I,, x5, is the identity matrix with size n, X n,.
It is noted that (I4) holds at the point x;, as U* and z*
are continuous PWA functions and reduce to particular affine
functions at the sample point x;.

Compared with ordinary sampling, in which only the value
of w,; is available, here the corresponding affine function
Lact(d) (z;) is also recorded. The resulting sample dataset is
recorded as X; x U; with data length Ny, in which U is a
set of affine functions £,.(;)(x), and in Section [II-Bl we will
explain in detail how to build a lattice PWA approximation.

Cact(i) (7)) = 0 |U*(x;) (14

B. Lattice PWA approximation based on sample points

We now derive the disjunctive and conjunctive lattice PWA
approximations based on the sample dataset X} x U.

The disjunctive lattice PWA approximation is constructed
via the sample points and can be expressed as follows:

frat) = o { o (@)}, a9
in which the index set J> ; is described as follows,
JZ’Z' = {JMJ (mz) > gact(i) (wz)}a (16)

and £ycq(;y is defined in (@), representing the affine function
at x;.

Similarly, the conjunctive lattice PWA approximation can
be described as follows:

frcle) = _in, | {jgliﬁ{gj(m)}} ’ a
in which the index set J< ; is defined as,
J<i =il (xi) < Laceqiy (i)} (13)

Compared with the full disjunctive and conjunctive lattice
PWA representations (@) and (7), we can see that the lattice

PWA approximations (I3) and (IZ) only consider the order of
local affine control laws at each sample point x; € Xj.

Following we will explain that under certain conditions as
shown in Assumption [T} the lattice PWA approximations (I3))
and (@) coincide with the explicit linear MPC control law at
the sample points.

Assumption 1: The terms in disjunctive lattice PWA ap-
proximations satisfy

jIenJin {fj(il:k)} < Zact(k)(wk);v’i7 ke{l,...,Na} (19
>

and the terms in conjunctive lattice PWA approximations
satisfy

[max {4j(xr)} > lace(ry (xr), Vi, k€ {1,...,Na1}.  (20)
<,i

This assumption means that when evaluated at the sample
points, the terms in the disjunctive lattice PWA approximations
are not larger than, while the terms in the conjunctive lattice
PWA approximations are not smaller than the active affine
functions. Assumption [I]is not difficult to check, as it requires
only the information of the sample points, and later in Section
we will give solutions to guarantee the validity of
Assumption[Il With this assumption, we can show in Theorem
[ the conclusion about the equivalence of the approximations
and optimal MPC control law.

Theorem 1: Assuming that the disjunctive and conjunctive
lattice PWA approximations are constructed through (I3) and
(ID), respectively. Supposing that Assumption [ holds, then
we have

fra(@r) = Lot (1) = fL,c(l’k),VCL’k € &1 (21)
Furthermore, if for all i,k € {1,..., Ns1}, we have
g}}n {0(xr)} < Llace(r)(xr), or act(k) € J>;,  (22)
JEI>

and

max {i(xr)} > Lace () (Th), or act(k) € J< i,
J <,i

then for all points x; € X1, the following equalities hold for
the base regions including xy, i.e.,

fL,d(w) = u*(w) = fL7C($),v€E € I1pnt(k)7 (23)

in which I'jpry C T is the base region contains the sample
point x; such that

u() = Lace (k) (x), VT € Tpne ()
Proof: See the Appendix. |
According to Theorem [I} the validity of Assumption [I]
guarantees the equivalence of the lattice PWA approximation
and the optimal control law at the sample points. Besides, if
a stricter condition 22) is imposed, the lattice PWA approxi-
mations equal the original control law not only at the sample
points but also in the base regions containing the sample
points, as [@23) shows.
In order to better describe the equivalence of
fr.a(@)(fr.c(x)) and u* () in base regions, we introduce the
concept of covered base regions for terms generated through

sample points «;, ie., min {{;(x)}, max {{;(z)}, and
JEJI> i Jj€J<i



JEJI> i JeJ<,i

denote them as C (,min {zj(m)}) or C <‘max {ej(x)})

This means that

u*(x) =

min {¢;(z)},Vz €C (;g}}“ {gj(m)})

JEI> i >

or

JEJ<

u*(z) = _mﬁ_}f{ﬁj(x)},Vm eC (mﬁx{ﬁj(m‘)}) .

It should be pointed out that the covered base regions
C in {/;
(min (6560 :
to the continuous PWA function u*(x), and are subsets of T'.
From the proof of Theorem [I we have

and C < max {@(az)}) are with respect
JE€J< i

Pone(ry € C (j.gi;k{ﬁj(w)}) Loty € C (j.g}g{fj(w)}) :

which means that the terms generated through sample points

can cover the entire base region the sample points lie in. And

we will show in Section [II-DI that the terms _II?D {l;(z)}
JEI> k

(jIEngZXk{Ej(w)}) can cover base regions other than I',¢ (1)

Remark 3: Tt should be noted that the computational com-
plexity for constructing a lattice PWA approximation is much
less than that for constructing a lattice PWA representation,
in which all the base regions as well as all the distinct
affine functions should be derived. In this paper, however, the
optimal continuous PWA controller information is not needed
beforehand to construct a lattice PWA approximation, i.e.,
preprocessing by MPT3 is not needed. All we need to do
is to sample points, record states and corresponding affine
functions, and construct the lattice PWA approximations (I3)

and (7).

C. Simplification of lattice PWA approximation

When the number of sample points is large, say tens of
thousands, the evaluation of (I3) and (I7) are not easy, and
hence the simplification is considered in this section.

The simplification of a disjunctive lattice PWA function
was addressed in [14], for which the detailed subregions of
the PWA function are known. In this paper, the information
of the subregions of the PWA function is unknown. It is
also challenging to derive the expression of the subregion
polyhedra through lattice PWA approximation.

Hence, this section simplifies the disjunctive and conjunc-
tive lattice PWA approximations according to the following
rule. Assuming that the set C' denotes the codomain of affine
functions w1, ug, ..., the operations \/ and /\ are defined as
follows,

U; \/uj = max{u;, u; }, u; /\uj = min{u;, u, }.

It has been shown in [32] that the set C, together with the
operations \/ and A, constitutes a distributive lattice, and the
following property holds for all u;,u; € C:

u; \(wi Aug) = u;

Rl wi N(wi V uj) = u;.

(24)

Concerning the covered base regions in disjunctive lattice
PWA approximation, we have the following result shown in
Lemmal[2l For the conjunctive lattice PWA approximation fhc,
things are similar, and we omit them here for the sake of
concision.

Lemma 2: Given terms and

two min {u;(z)}

JEJI> i

min {uj(x)} generated from sample points x;,x;, in
JEI> k

which J> , C Js;, supposing that Assumption [l and 22)
hold, we have

¢ (min fusten ) < (min fusten ).
Furthermore, if act(i) € J> ;,t € {1,..., Ng1} \ {i}, then z;
can be removed from A3 without affecting the function value
of fL,d-
Proof: See the Appendix. |
Lemma [2] means that as long as J> , C J>; and act(s)
appears in other terms, the sample point x; is redundant in
constructing lattice PWA approximations. Actually, multiple
base regions may share the same term J> j, besides, the
condition J>j C J>; is even easier to be satisfied for
different base regions. Hence, one term may cover many base
regions, as Example 1 in Section illustrates, and in
general, the number of sample points needed to construct
the lattice PWA approximation is much less than that of
base regions and polyhedral regions, and simulation results
in Section [V] confirm this.

D. Resampling

In the process of generating sample points, (I9) and 20)
may not be valid, and the following gives a resampling method
such that both (I9) and 20) hold.

Taking the disjunctive lattice PWA approximation as an
example, if (I9) is violated for some x, Tg € A, e,

min {£;(x3)} > u" (@) = lacy(p) (@p), (25
.7EJ2,0¢
we can add sample points in the line segment
L(za, ) = Axq + (1 —Naxg, A€ (0,1) (26)

such that (T9) is satisfied for : = « and k = 3, which is shown
in Lemma [3

Lemma 3: Assuming that there are two points x, and g
such that 23) holds, then there must be some points Ty, €
L(x,x5), which is defined in @6), and the corresponding
affine control law £, (), such that the inequality

Eact('y)(ma) > Eact(a) (ma)vgact('y) (.’13[3) < éact(B) (mﬂ)a (27)

holds.
Furthermore, by adding . to the sample dataset, we have
act(y) € J>,o and

jonin {£5(x)} < Laces) (p)- (28)
Proof: See the Appendix. |



For the conjunctive lattice PWA approximation, in case (20)
is violated, i.e., there are two points ., and g such that the
following inequality holds:

JIEI}]EZXQ{EJ (mﬁ)} <u* (wﬁ) = gact(B) (mﬁ)a (29)
similar results can be obtained, and we omit here due to space
limit.

When 23) or (29) hold, in order to construct a continuous
PWA function and to ensure the validity of (I9) and 20)
for every sample point in the line segment L(x,,xg), the
line segment is recursively partitioned to generate new sample
points, as Line @Il in Algorithm [1] show, resulting in an
additional sample dataset X5 x Us. In Algorithm [Il x; and
@i+ refer to sample points in £(x4, z3)N(X1UX,), arranged
according to the sample sequence in X; U Xs.

Algorithm 1 Recursive partitioning of line segment £(x,, )
in case that 23) or (29)) are violated.
Input: Linear MPC problem, initial sample dataset X} x U,
the line segment L(x,, x3).
Output: Additional sample dataset X X Us.
1: Initialize flag =1, X =0, Us = 0.
2: while flag do

3 N,=0;

4: for x; € L(xo, )N (X UX,) do

5: Select corresponding Ccq(i) (%) € Uy Ul .

6 if Sign(gact(i)(mi) gact(i)-&—l(wi)) =

sigh (Cact (i) (Tit1) — Lact(i+1)(Tir1)) then
N, =N, +1.
Add a point Zpew = 0.5(x; + x;11) to Xa.
Calculate corresponding affine function u*(pew)
through @), (13)-{4), add to Us.

10: end if

11:  end for

12:  if Na = 0 then

13: flag = 0.

14:  end if

15: end while

0 2 3

Lemma [ shows that, if we add points according to Algo-
rithm [l resulting in an additional sample dataset X5 x Uy, (19)
and (20) are satisfied for all the sample points in L(x,, Zg).

Lemma 4: Given the line segment £(x,, ) such that (I9)
or (20) are violated, if we add points according to Algorithm
[0l then we have

I€n]1n {u](mk)} < uk(mk),V;ci,mk S E(sca,a:ﬁ) N (Xl @] Xg)
J€JI>0

(30)
and

max {u;(xr)} > up(xr), Ve, ) € L(Ta, ) N (X UXs),

J€J<i
€29
in which L(zq,xz) N (X1 U A3) denotes the sample points
that are within the line segment £(x,,z3) after resampling.
Proof: See the Appendix. |
Algorithm [1] can be run repeatedly until, for all the sample
points (x;,u;) € (X1 UXe) X (U Uls), we have (I9) and

Fig. 3. Deviation between the disjunctive lattice PWA approximation
and function (@) in Example 1.

(20); thus Assumption [I] is satisfied and the resulting lattice
PWA approximations equal the original control solution at all
sample points.

The two-dimensional function in Example [l illustrates the
process of constructing the disjunctive and conjunctive lattice
PWA approximations and the resampling procedure.

Example [I] (continued). The disjunctive and conjunctive
lattice PWA representations for Example [I] have been derived
in Section [[=Bl Here, we resort to an approximation strategy,
i.e., several points are sampled in the function domain (9) to
illustrate the disjunctive and conjunctive lattice PWA approx-
imations.

Given two sample points z; = (0.6,0.7)T , z, =
(0.6,0.2)T, which are shown in Fig. the sampled affine
functions are £,.¢(1) = ¢1 and f,cq(2) = £3, respectively. Fig.
[I(B) also shows the position of the points Py = (x1,¢1(x1))
and P, = (@2, /5(x2)). The index sets are then expressed as
(the affine function ¢ has not been sampled yet),

Jo>1={1},J>2 = {1,3}, J<1 = {1,3}, J< 2 = {3}.

Apparently Assumption [0 is not satisfied, i.e., (I9) is
violated for i = 1,k = 2 and @0) is violated for i = 2,k = 1.
According to Algorithm [I the point 3 = (0.6,0.575)7 is
added to the sample points set with /5 being identified, i.e.,
Lact(3) = {2, and at this time, Assumption [l is satisfied. The
disjunctive and conjunctive lattice PWA approximations can
be written and simplified as,

fL,d(:c) = max{min{¢y, {2}, min{¢y, >}, min{¢y,¢3}}
= max{min{¢y, {2}, min{¢y, {5}},
(32)
and

fL&(a:) = min{max{/¢1, {3}, max{ls, {3}, max{ls, (3}}
= min{max{¢y, 3}, max{ls, l3}},
(33)
respectively.

Readers can verify that as (22) holds, the lattice PWA
approximations coincide with the function (9) in base regions
containing the sample points x;, 2 and 3. For the conjunc-
tive approximation (33), we have

C(max{fly,l3}) = {Q1,Q3,1,232}
C(max{ly,l3}) = {Q2,032, 033},



as C(max{f1,¢3})UC(max{ls,¢3}) covers the entire domain,
the conjunctive representation (II) and approximation (33)
are identical. Besides, we can see that the term max{¢;, {3},
which is generated through the sample point &1, covers base
regions {13 ; and {23 o other than €2y, in which x; lies in. Apart
from s, the term max{/s, {3} also covers base regions €23 o
and (23 3. Therefore, in general, in generating sample points
to approximate a continuous PWA function, we need far fewer
sample points than the number of base regions. We will also
show this conclusion in Section [V]
For the disjunctive approximation (IQ), as

C(min{ly,45}) = {Q1, Q2 }, C(min{ly, l5}) = {Q33},

there are base regions €231 and {13 > that have not been cov-
ered, hence the disjunctive approximation and representation
are not identical. The deviation of the disjunctive approxima-
tion (32) and representation is shown in Fig. Bl which is not
zero in base regions {231 and (23 5. Later we will revisit this
example in Section [V=Alto show the conditions for error-free
approximations.

The process of obtaining disjunctive and conjunctive lattice
PWA approximations and simplifying them can be summa-
rized in Algorithm

Algorithm 2 Construction and simplification of lattice PWA
approximations.
Input: Linear MPC problem.
Output: Simplified disjunctive and conjunctive lattice PWA
approximations.
1: Generate sample dataset X7 x U.
2: Remove unnecessary sample points according to Lemma
3: Generate additional sample dataset X5 x Us according to
AlgorithmlIl Let X = {Xl,Xg},Z/{ = {L[l,Z/lg}.
4: for x; € X do
5:  Calculate the index sets J> ; and J< ; at the point x;
according to Equation (I6) and (I8), respectively.
6: end for
7. Construct the disjunctive and conjunctive lattice PWA
approximations according to Equation (13) and (I7).
8: Simplify the lattice PWA approximations according to the

rule R1 @24).

E. Online evaluation of lattice PWA approximation

Supposing we have obtained a simplified lattice PWA ap-
proximation for a linear MPC problem, the online evaluation
reduces to affine functions evaluation, comparing affine func-
tions in each term and comparing terms in a lattice PWA
approximation. The comparison is fulfilled through a so-called
structure matrix [33], which is a binary matrix containing the
elements zero and one, i.e., S; ; = 1 indicates that the literal
¢; appears in the i-th term, and S; ; = 0 shows otherwise.
The size of the structure matrix is N; x M, in which N; and
M are the number of terms and literals in the lattice PWA
approximation obtained through Algorithm

Hence, for the lattice PWA approximations in Example [
the structure matrices for fi, q and fi, . are

1 1 0 1 0 1
SL’d_L 0 1]’8“_[0 1 1}’

respectively. For the online evaluation of fL,d at some state
x(t), one can construct another parameter-structure matrix
PL,4, in which the one element S; ; = 1 in S, q is replaced
with ¢;(x(t)). Then, one can perform a min-max operation on

the matrix oy 0
_ 1 L2
PL,d - |: gl 0 63 :| )

i.e., minimum of the columns and then maximum of the rows,
to evaluate fL,d. The evaluation of vaC is similar, in which
the maximum across the columns is taken first, and then the
minimum is performed among the rows.

F. Complexity Analysis

1) Online complexity: Assuming that there are N, terms
in the final approximation, according to Section [I-E| take
disjunctive lattice PWA approximation for example, the online
evaluation of lattice PWA expression involves calculating
the value of ¢;(x(t)),Vj = 1,...,M, minimum among
the columns and then maximum of the rows. To calculate
li(x(t)),Vj = 1,...,M, (ngy + 1) - M multiplications and
n, - M additions are needed. For the comparison, the minimum
takes at most Ny - (M — 1) comparisons while the maximum
takes at most /Ny — 1 comparisons. Therefore, the worst-case
online complexity can be written as O((n, + 1) - M + ny -
M + N¢(M — 1) + Ny — 1). In general, n, < Ny, hence the
worse-case online complexity can be roughly approximated
as O(N; - M). In general, we have N; < Nj, so the online
evaluation is speedy.

As the comparisons are performed through the matrix Py, q,
they can be accelerated by parallel computing. Hence, the
actual complexity for online evaluation is generally a fraction
of O(N; - M), depending on the number of cores in the
processor. The online complexity is similar for evaluating
conjunctive lattice PWA approximation.

2) Storage requirements: Take the disjunctive lattice PWA
approximation for example, supposing that it has N, terms;
we must store (n, + 1) - M real numbers for affine functions

t
and )" |J> ;| binary numbers for the structure matrix Sy, g, in

whiclh 1|J2,i| is the number of elements in the set J> ;.

As |J> ;| < M, in total at most (n, + 1) - M real numbers
and M - N; binary numbers must be stored.

In many cases, we have Ny < N, so the storage require-
ment for the disjunctive lattice PWA approximation is very
small.

For the conjunctive lattice PWA approximation, we achieve
the same result.

3) Offline complexity: The offline time complexity for deriv-
ing disjunctive and conjunctive lattice PWA approximations,
i.e., the running time of Algorithm 2] consists of two parts.
One concerns the training points sampling and resampling to
obtain preliminary lattice PWA approximations, and the other



concerns the complexity of construction and simplification of
lattice PWA approximations through sample points obtained.
Lemma 5: The worst-case complexity of deriving the dis-
junctive and conjunctive lattice PWA approximations is O (M -
N2), in which M is the number of distinct affine functions,
and N, is the number of sample points in X.
Proof: See the Appendix. |
It is noted that O(M - N2) is the worst-case complexity. In
the simulation results, we can see that the offline calculation
is not time-consuming.

IV. APPROXIMATION ERROR

A. Deviations between the disjunctive and conjunctive
approximations

After sampling and resampling, as shown in Algorithm [2]
we obtain the sample point set X X /. Assuming that X =
{x1,...,xN,}, given both the disjunctive and conjunctive
lattice PWA approximations, under the following assumption,
the deviation between the approximations and the optimal
control law can be derived.

Assumption 2: We assume all the distinct affine functions
defining the first input have been sampled in the domain of
interest €.

All the distinct affine functions for the first input in a PWA
MPC optimal controller can be obtained by collecting all
critical regions €); and corresponding local affine functions
lioc(s) () as defined in Definition 1 and selecting the distinct
ones.

Assumption [2l can be explained as follows. For example, as
Example [Tl shows, there are five regions Qy, Qg, Q31,823 2 and
(23 3, and the corresponding local affine functions £}, (1) (x) =
(), loca) () = L2(),bioez)(®) = lioezo)(x) =
lioc(3,3)(T) = £3(x), then the distinct affine functions are
¢1(x) and ly(x), ¢5(x), and by sampling points in 21, Q9 and
3.1, we have sampled all the distinct affine functions.

Theorem [2] bounds the error between the lattice PWA
approximations and the original optimal control law.

Theorem 2: Supposing that

frale) = _max {J,g;,igjw(m)}}
and
o) = _in, Lo )}

are the disjunctive and conjunctive approximations of the
optimal control law u*(x) over the domain {2, assuming that
Assumption [2] holds, and defining

e = max {fLc(@) ~ fra(@)}. (34)
we then have
—& < fra(®) —u(x) <0 (35)
and R
0< frol@) —u'(z) <e. (36)
Furthermore, if € = 0, we have
fra(@) = foe(x) = u*(x), Ve € Q. (37)

Proof: See the Appendix. |
Theorem [2] provides the sufficient conditions for error-
free lattice PWA approximations, and we claim that the two
conditions, i.e., the validity of Assumption [2 and ¢ = 0, are
also necessary. This is apparent, as if Assumption[2lis violated,
the constructed lattice PWA approximations miss some affine
pieces, and if € # 0, at least one lattice PWA approximation
introduces error.

Readers can verify that if an additional point is sampled for
Example[l] see 4 in Fig.[I(a)] with £,.((4) = £3. Then we have
JZ~4 = {3}, J§,4 = {17 2, 3}, and C(Ed) = {93}1793’2, 93’3},
C(max{l1,l2,03}) = {Q32}. In this case, the disjunctive
and conjunctive lattice PWA approximations cover the entire
domain and both equal the two-dimensional continuous PWA
function (9).

Remark 4: For Example[I] four sample points are generated
to obtain error-free approximations, and for the base region
Q23 1, there is no sample point. As a necessary condition for the
validity of (37), i.e., the lattice PWA approximations are error-
free, Assumption2lrequires that all the distinct affine functions
have been sampled. It is noted that this is not the same as the
condition that all the base regions should be identified. As
[14] shows, the number of distinct affine functions in explicit
MPC is generally far less than that of critical regions, as some
critical regions can share the same affine function. Besides, the
critical regions should be partitioned to get the base regions
satisfying (8)); hence, the number of critical regions is much
less than that of the base regions. Therefore, for an error-
free lattice PWA approximation, the prerequisite is that all the
distinct affine functions have been sampled, and in general,
sampling only a portion of base regions can achieve this.

B. Probabilistic guarantees of error-free approximations

In order to check whether (34) is zero, as both the disjunc-
tive approximation fL,d and conjunctive approximation fAL,C
are continuous PWA functions, so whether fhd = fhc can be
checked in each linear subregion of both fL,d and fL,c- Or we
can check the equivalence of the disjunctive and conjunctive
PWA approximations by solving a continuous piecewise linear
programming problem, i.e., the difference of the two kinds of
approximations is set as the cost, which is continuous PWA
as the difference of two continuous PWA functions is still
continuous PWA. If the minimum of the cost is zero in the
whole domain 2, the disjunctive and conjunctive lattice PWA
approximations are equivalent.

In general, the continuous piecewise linear programming is
not convex, hence here for simplicity we resort to a statistical
method, i.e., generating NN, i.i.d. sample points, which consti-
tute a validation dataset Xyalidate = {®i,? = 1,..., Ny }. For
each sample point, we define an indicator function as

N1 fra(®) = fuo(xi)
I(x;) = A -
0 if fLa(z:) # fr.e(x),
and then the random variables I(x;),i = 1,..., N, are also

iid. Denoting the probability for I(x; = 1) as pu, ie.,
P[I(x;) = 1] = u, then according to Hoeffding’s inequality



[34], we have
Pl — I| > €] < 2exp(—2N,€?),

— NU
in which T = 3 kX—:I I(xy). Therefore, we have

Plu>1—¢ > 1—2exp(—2N,e%),

meaning that with confidence 1 — 2 exp(—2N,¢?), the prob-
ability that the lattice PWA approximations fhd and fL,C are
identical is larger than I — e. If I = 1, then by setting a
small enough threshold €, we can say that with confidence
1 —2exp(—2N,€?), the lattice PWA approximations fL’d and
fL7C are almost identical, and thus both equal the optimal
control law. For example, if ¢ = 1072, then N, > 5 x 10* can
ensure the confidence is almost 1.

V. SIMULATION RESULTS

Example 3: Consider a four-dimensional example taken
from [21],
z(t+1) = Az(t) + Bu(t)

where the matrices A and B can be expressed as,

0.4035 0.3704 0.2935 —0.7258
A— —0.2114 0.6405 —-0.6717 —0.0420

0.8368 0.0175 —0.2806 0.3808 |’

—0.0724 0.6001  0.5552 0.4919

B=[ 16124 04806 —1.4512 —0.6761 | .

The constraints for the state and input are |z||L < 5,
|u] < 0.2, respectively. The prediction horizon is taken to
be N, = 17. The value of matrices in the cost function is
Q = diag{1,1,1,1}, R = 0.2, and P = 0. According to
MPTS3, the optimal control solution is a PWA function of the
state @, with 28,246 polyhedral regions. As stated in [14], for
a four-dimensional system with 890 polyhedral regions, the
process of partitioning the polyhedral regions into base regions
is prohibitive, and for these 28,246 polyhedral regions, there
will be an exponential number of base regions. Hence, the
method in [14] is not applicable to the examples listed in this
paper.

To construct the disjunctive and conjunctive lattice PWA ap-
proximations, the domain of interest 2 is created by generating
2,000 feasible trajectories starting in the user-defined region
0 = [-2.5 2.5] x [-0.5 0.5] x [—0.5 0.5] x [-0.5 0.5], which
results in 36,060 sample points and takes 42.29s. The 2,000
initial points are selected uniformly in €2y, and if some point
is not feasible, it is replaced with a random initial point that
conforms to uniform distribution and is feasible. Among the
36,060 sample points, there are 103 distinct affine functions,
and according to Lemma 2} only 4,575 points are useful in
constructing lattice PWA approximations, i.e., only 4,575 base
regions have sample points in it.

For the 4,575 sample points, Algorithm [I] is performed to
sample one additional sample and get an additional distinct
affine function to ensure the satisfaction of Assumption [

Then, the disjunctive and conjunctive lattice PWA approx-
imations are constructed, of which the detailed numbers of

parameters are shown in Table [ Table [ lists offline as
well as online complexity of lattice PWA approximations,
the comparisons with the state-of-the-art online MPC solver
gpOASES [35] and method in [21] are also included. For
online MPC and the method in [21], there are no need to
sample, hence the fields tsamp; tL, toff are empty. Besides, as
[21] only lists the maximum online calculation complexity, the
mean online calculation complexity for the method in [21]
is also not listed in Table The online evaluation time is
the mean of those 30,000 trials, and the worst-case online
complexity is also listed. All the computations in this paper
are implemented through MATLAB 2024a (MathWorks, USA)
on an Apple M3 Max computer.

TABLE |
PARAMETERS OF LATTICE PWA APPROXIMATIONS ON EXAMPLE[3] IN
WHICH Ns1, Ny, Ns ARE THE NUMBER OF SAMPLE POINTS
GENERATED ON TRAJECTORIES, REMAINED AFTER REMOVING
REDUNDANT ONES, AFTER RESAMPLING, RESPECTIVELY, N¢, M ARE
THE NUMBER OF TERMS AND DISTINCT AFFINE FUNCTIONS.

Method Ns1 Ny N Ny M #para
Disjunctive 118 12,792
Conjunctive 0060 4375 4576 15 1045740

TABLE Il

PERFORMANCE OF LATTICE PWA APPROXIMATIONS ON EXAMPLE[3] IN
WHICH tsamp, tL, toff; ton,; tm,on DENOTE THE COMPUTATION TIME
FOR OFFLINE SAMPLING, OFFLINE CONSTRUCTION OF LATTICE PWA
APPROXIMATIONS, TOTAL OFFLINE, AVERAGE ONLINE CALCULATION,
MAXIMUM ONLINE CALCULATION, RESPECTIVELY.

Method tsamp [s] ty[s] tofr [s] ton [Hh] tm,on [Hﬁ]
Disjunctive 26.37 376
Conjunctive 42.29 34 45.69 26.26 140
Online MPC 304.6 16,900

Method in [21] 11.9

It can be seen from Table [ that the offline calculation
time is mainly for the sampling on the trajectories, and the
construction of lattice PWA approximation only takes 3.4s. It
is noted that the online evaluation time in [21] is obtained
through computing the flops of a binary search tree,

flopsiee = (Me + 1) - 2™ + 1y - (3 + lmax — lo) — 1, (38)
where [, and [ are the finest and coarsest levels of detail,
respectively, and n, is the dimension. The online calculation
time is calculated by assuming a processor speed of 1 Gflops/s.
Hence, for real applications in more sophisticated computers,
the online evaluation time is shorter than the value 11.9 us,
which outperforms our online speed.

Recall that the worst-case complexity for the online evalua-
tion of lattice PWA approximation is O(N, - M), in which N,
and M are the number of terms and distinct affine functions,
respectively. For this example, take the disjunctive lattice
PWA approximation for instance, we have N; = 118, and
M = 104, and the worst-case complexity for online evaluation
is O(12,272), whereas the flops of the binary search tree is
119. However, as can be seen from (38)), the calculation time
for binary search increases exponentially with n,, and if we
aim to derive a more accurate approximation, lp,x is also



large. Hence, for the next 10-dimensional example, the worst-
case online complexity of lattice PWA approximations is less
than that in [21].

Besides, for the method in [21], one has to store the
information of a series of hypercubic regions, which will result
in a large storage requirement, especially for high-dimensional
systems. In contrast, we have to store at most (ng, + 1) - M
real number and M - N, binary numbers, and in this example,
we only have to store 520 real numbers and 118 x 104 binary
numbers.

To check whether the lattice PWA approximations are
error-free in the domain of interest 2, as €2 has not been
explicitly expressed due to the complexity of calculating the
convex combination of the 36,060 sample points in R?, we
then generate 4,000 convergent trajectories with initial points
in Qp, resulting in 75,064 test points. It has been tested
through those 75,064 test data points that the two lattice
PWA approximations are identical in the region {2. By setting
e = 1072, it can be concluded that with confidence 1, the
probability that the approximated lattice PWA control laws
equal the optimal control is larger than 0.99. For the 75,064
points, the optimal explicit linear MPC control law is also
calculated, and it is found that the lattice PWA approximations
are error-free in ).

Fig. d] shows one exemplary closed-loop simulation of the
example, and we can see from the figure that the optimal state
trajectory and the trajectory with the lattice PWA approxima-
tions as inputs are identical. Compared with the result in [21],
here we have obtained an error-free solution.

Example 4: Consider an example taken from [6], which is
an mpQP problem constructed from the typical MPC setup
withx e RO yu e R, P=Q =L, R=1, X = {z| -
10 <2 <106 =1,.c,nh U = {ul -1 < u < 1}
The prediction model is obtained by discretizing the model
1/(s + 1)!° with sampling time of 1 s and then converting
the discretized model into state space form. The prediction
horizon is taken to be IV, = 10. This is a complex problem,
as the dimension is much higher.

Here to construct the disjunctive and conjunctive lattice
PWA approximations, 3,500 feasible trajectories are generated
with initial points in the region Qo = [—2,2]'". The numbers
of parameters in disjunctive and conjunctive lattice PWA
approximations are shown in Table [IIl

The offline and online complexity of lattice PWA approx-
imations when the prediction horizon N is 10 are shown in
Table [Vl Comparisons with qpOASES [35] are also listed.
Similar to Table [l the fields tsamp, tL, Lo are empty for
online MPC. Besides, as the method in [6] focused on the
traversing of the critical regions of the optimal control law,
the fields tsamp; tL; tons tm,on are left empty.

It can be seen from Table [ and [V] that lattice PWA
approximations for Example M] require small storage require-
ments and exhibit low online complexity. According to Section
[II-B here the worst-case online complexity is O(13 x 24),
which is O(312). In contrast, the worst-case online flops for
the method in [21] is 11,363 by using (38), hence for this
high-dimensional example, the online speed of lattice PWA
approximations will outperform that in [21]. It is apparent that
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Fig. 4. One exemplary closed-loop simulation of Example [3]

TABLE IlI
PARAMETERS OF LATTICE PWA APPROXIMATIONS ON EXAMPLE[] IN
WHICH Ns1, Np, Ns ARE THE NUMBER OF SAMPLE POINTS
GENERATED, AFTER REMOVING REDUNDANT ONES, AND AFTER
RESAMPLING, RESPECTIVELY, N¢, M ARE THE NUMBER OF TERMS
AND LITERALS.

Method Np N1 Ny Ng Ny M #para
Disjunctive 13 576
Conjunctive 10 76,322 118 118 11 2 528
Disjunctive 13 552
Conjunctive 20 /163 118 1233 23 55,

the lattice PWA approximations result in a very low online
computational burden.

It has been tested through 76, 765 test data points that the
two lattice PWA approximations are identical and equal the
optimal linear MPC control law in the control invariant set
formulated by convergent trajectories starting from points in
the region Qy = [—2,2]'0. By setting ¢ = 1072, it can be
concluded that with confidence 1, the probability that the
approximated lattice PWA control laws equal the optimal
control law is larger than 0.99.

Fig. 5] shows one exemplary closed-loop simulation of the
example (only the first state variable is listed), and we can
see from the figure that the optimal state trajectory and the
trajectory with the lattice PWA approximations as inputs are
identical.

As indicated in [6], MPT3 failed to solve the problem.



TABLE IV
PERFORMANGE OF LATTICE PWA APPROXIMATIONS ON EXAMPLE[M] IN WHICH tsamp, tL, toff, tonstm,on DENOTE THE SAMPLING, LATTICE
PWA APPROXIMATION CONSTRUCTION, TOTAL OFFLINE, AVERAGE ONLINE, AND MAXIMUM ONLINE COMPUTATION TIME, RESPECTIVELY.

Method Np  tsampls]  tL[s] tosls] ton[ps]  tm,onlus]
Disjunctive 3.28 499
Conjunctive | 1 00 13964 37y 480
Online MPC 2194 9,600

Method in [6] 72.85
Disjunctive 122314 0016 122316 14 204
Conjunctive 20 3.15 110
Online MPC 93222 29,200

Method in [6]

0 5 10 25 30 0 5 10

15
Sample instants

(a) (b)

15
Sample instants

Fig. 5. One exemplary closed-loop simulation of Example 4]

Moreover, the combinatorial approach proposed in [6] success-
fully enumerates all optimal active sets and creates all the 573
critical regions, taking 72.85s. According to the definition of
base region, the number of base regions for this example is far
more than 573, which is much larger than the number of useful
sample points, i.e., 118 in Table [[lIl It is notable that although
the calculation time for our procedure is longer, we obtain the
final continuous PWA expression of the optimal control law in
a simplified form, which is much easier to implement online.

To demonstrate more clearly the efficacy of the lattice PWA
approximations, the prediction horizon N,, is extended to 20,
and the number of parameters and complexity of lattice PWA
approximations are also listed in Table [Illand [V] respectively.
When N, = 20, [6] did not provide a result either, hence
corresponding fields in Table [[T] are left blank. In this case, we
generate 75, 643 validation points to show that with confidence
1, the probability that the approximated lattice PWA control
laws equal the optimal control law is larger than 0.99.

VI. CONCLUSIONS AND FUTURE WORK

This paper presents disjunctive and conjunctive lattice PWA
approximations of the explicit linear MPC control law by
sampling, and resampling in the state domain. Under certain
conditions, the lattice PWA approximated and exact control
laws are identical in base regions that contain the sample
points. Furthermore, assuming all the affine functions have
been identified in the domain of interest, the disjunctive
lattice PWA approximation is always smaller than the orig-
inal optimal control law, while the conjunctive lattice PWA
approximation is always larger. Then, the equivalence of
the disjunctive and conjunctive lattice PWA approximations
guarantees the equivalence to the optimal control law. The two
kinds of lattice PWA approximations have been simplified to
reduce the storage and online evaluation complexity further.

The complexity of the online and offline approximation and the
storage requirements have been analyzed. Simulation results
show that we can obtain statistically error-free lattice PWA
approximations calculated with relatively small computational
costs. Besides, the online computational complexity is much
less than the state-of-the-art methods for a 10-dimensional
system.

It is noted that the error-free lattice PWA approximations
equal the optimal MPC controller only in a part of the feasible
region, i.e., the domain of interest is set as the combination of
sample points in convergent trajectories that originate in a user-
specified region. This applies when the system states are not
far away from the operation points. If the state varies largely, a
more general domain of interest should be considered, which
may result in thousands of distinct affine functions. In this
case, it is not easy to construct error-free approximations,
and the approximation error will be considered in the future.
Corresponding feasibility and stability analysis will also be
investigated.

VII. APPENDIX

Proofs.
Proof of Theorem [l
Proof: Following gives the proof for the disjunctive case,

i.e., the first equality in @I) and (23, and the proof for the
conjunctive case, i.e., the second equality in 2I) and @3)
follows similarly.

Substituting x, Vk € {1,..., Ny } into the right-hand side
of (T3) and we get,

_max {jg}gi{fj(wk)}},
which equals £, () (k) as (I9) holds. Hence, the equivalence
of disjunctive lattice PWA approximation and the optimal
control law at xj, is guaranteed, and the first equality of 1))
is proved.

Then we prove the validity of the first equality in under
a stricter condition (22)), other than (I9). As 22) holds, we
have V1, k, either

min {€;(xx)} = lace(r) (®x), act(k) € J>i, (39

JE€EJI> i
or

ng]m{g](mk)} < gact(k:) (wk)’ (40)



For these two cases, we will show that the following
inequality holds,

jg}lin {6](213)} < gact(k)(x)avz € {1a EERE Nsl}7vw € Fpnt(k)~
>,
(41)
Case 1: (39) is valid for some 4, k. Then as act(k) € J> ;,
we have @1).

Case 2: (40) holds for some 4, k. In this case, we prove by
contradiction. Assuming tpat #@T) does not hold, then there is
some ®g € [pne(r) With fr a(0) = Lace(r)(T0), such that

jg}]i;i{zj(wO)} > Lact (k) (T0).

As both sides of the above inequality are continuous, we can
then find a neighborhood of x¢, say B(xo) N int(I'pneek)), in
which int(I',n¢(x)) denotes the interior of I',n¢ k), such that
Ve € B(xo) Nint(Tpne(x)), we have

jrerbi;i{éj(w)} > Lact(k) (T)-

Randomly choosing a point &y € B(xg) Nint(I'pne(x)), and
the following conclusion follows directly,

0i(20) > Lace(r) (o), V] € > (42)

Considering the line segment
L(xg, To) = Axk + (1 — N)xo, A € [0, 1],
as the base region I'; () is convex, we have
L(xr, o) C Tpnin)-

According to (@Q), there should be some jy € J>; such
that

ejo ($k> < Eact(k) ($k;)

Combined with @2)), there must be some point & € L(&o, Tx)
such that

Lo (B) = Lact (k) (2)- (43)

As o € int(T'pye(ry), we have @ € int(T'pne(x)). Then the
validity of (@3) contradicts the definition of the base region

(8). Hence (@I) holds.
As the equality in @) holds for i = k, i.e.,

min {uj(ac)} = fact(k)(m),Vk S {1, .. ,Nsl},VSC S Fpnt(k)a

JE€I> ke

combining with the disjunctive lattice PWA approximation

(13), we have

fL,d(w) = Eact(k) ((B),Vk € {1a ceey Nsl}vvw € I‘pnt(k)~
(44)
For a sample point x, according to the sampling procedure,
we have

U*($k) = Eact(k)(mk)aVk € {17 RN} Nsl}~

As indicated in Section [[IEA] the equivalence of w*(x) and
Cact(ky () holds for all © € CR(xy).

As [3] shows, critical regions are also obtained through the
KKT conditions (@)). Different critical regions that share the

13

same affine function £,.(x) are combined such that the result-
ing combination is convex, then according to the definition of
base region, I',q¢(x) i a subset of this combination and

U (@) = Lact (k) (®), V& € Tpngny -

The above equation together with @) yields @3)).
The conjunctive case can be proved similarly.
|
Proof of Lemma
Proof:  According to the definition of covered base
regions, we have

min {u,(@)}

u'(z),Vz € C <‘H‘1]in {uj(z)}> .

JE€EI> i

Then for any ', C C (_min {uj(:c)}>, we have

J€I> i

,min {uj (:Ii)} = gact(t) ((D),Va} eIy
JE€JI> i
As J> ) C J>;, we then have

i j > mi j =/ Ve € Iy
jg}g}k{ug (@)} > jgl}gi{uj (@)} = lacy(r) (@), VT € Ty
(45)
According to (22) and the proof of Theorem [Tl we have

min < lyeiip) (), Ve € Ty,
jedon t(t)( ) t

which together with (@3) yield the following,

in —¢, V& e Ty,
jg}};k act(t)(m) r t

meaning that

¢ (min (@0 ) < ¢ (min (w@)).

Moreover, if there is t € {1,...,Ng} \ {¢} such that
act(i) € Js ., then removing x; will just removing corre-
sponding term vrr}]in {¢;(x)} without eliminating any affine

VISP

functions in other terms, thus the function value of fL’d will
not change according to Rule (24), which also means that the
covered base regions do not change. |
Proof of Lemma
Proof: As the optimal control solution u* is continuous
PWA, and the feasible domain is convex, it is still continuous
PWA when restricted to the line segment L(z,, x3).
Defining an index set aff (o, xg) as

aff (xq, x3) = {j|3x € L(xa, ) such that u* () = ;(x)},

i.e., the index set aff (x, x3) includes all the indices of affine
functions in u*(x) when restricted to £(xq,xg). It is noted
that the index set aff(x,, ) may contain affine functions
that have not been sampled yet. In the following the index
set aff(x,,xp) is used to illustrate the existence of x., €
L(x4,x ) such that 27) holds, and there is no need to identify
the details of aff(xq, z3).
According to [14], we have
jglsin {éj(ac)} < Eact(,@) (:Bg),vx S E(:ca,acﬁ),

>,



in which S> , is the index set such that
52,0 ={J € aff(@a, 2p)|{(2a) 2 Laci() (Ta)}-

Clearly, there will be some act(y) € S> o, such that 27)
holds.
Therefore, if we add one of these x. to the sample point
set, as (27) is valid, we have act(y) € J> o, and 28) is valid.
|
Proof of Lemma
Proof: The condition sign({acq(i) (%) — lact(i+1) (%)) =
sigN (Lact (i) (®it1) — Lact(i+1) (Tit1)) is equivalent to the con-
dition

(@4, Lace(s) (1)) forall z; € L(xo,xp). Itis noted that f1 may
be different from v*, and f1 is just used as a supplementary
continuous PWA function to show the validity of (30) and
(3T1). For this continuous PWA function fl, the affine pieces
are Loce(s) (), ;i € L(xo, Tp).

Define the index set

aff1 (Ta, xg) = {j|3 € L(@n, x3) such that fi(z) = £;(z)},

then aff; = {act(i)|Va; € L(zq, x5) N (A U AX2)}.
According to [14], the continuous PWA function fl can be

represented using a lattice PWA expression, and take disjunc-

tive lattice PWA representation for example, the conjunctive

(Cace(i) (1) — Lact(is1) (®4)) - Lact(i) (®it1) — Lacs(ir1) (Tip1)) case can be proved similarly. For all x; € L(xq,z5) N (X1 U
> 0, X2), let I',¢(5) is a base region satisfies

which indicates either

CLace(i) () > Lacy(i+1) (), Ve € L(T45,2541),

or
éact(i)(m) < Eact(i+1)(fc)7vm € L(Ti, Tig1)-

Fig. 16| shows these two cases. This means that there will

_ L@ (@ b (@) G :
e (@3, Lactiiy () :
(@is Lact( (@1)) Lact(iy (@) 7 @i+, Lact(inn) (®i41))
act(i+1) ()
T Ti+1 z‘i mz-Al

(@) Lact(i)(®) < Lact(it1) (@) (0) Lace(iy () = Lact(i41) ()

Flg 6. Cases when sign(ﬂact(i)(xi) — eact(i)_;’_l(:l:i)) =
sign(€ace () (®it1) — Lact(i+1) (Tit1))-

be no continuous PWA functions constructed to connect
the two points (2, lace(iy(2i)) and (@it1, lace(itr)(Tit1))-
Hence new points should be added in L(x;, ®;y1).

After evaluating Algorithm [I] the condition

@; € Tpne(iys Dpnt(i) C L(Ta, ).

For the disjunctive latticg PWA representation, the term con-
cerning the base region I',¢(;) is calculated as,

{45},

min
jelz,pnt(i)

in which the index set f27pnt(i) can be expressed as,
j27pnt(i) = {] € affy (maa CCBWJ (.’B) > gact(i)(m)avm € 1;pnt(i)}'

As x; € fpnt(i), we have fz,pnt(i) C jZ,i’ in which jZ,i
is defined as

Jsi={j € aff 1 (@0, 2p)€; () > laceiy (i)}

As aff; is a subset of the entire affine function index set,
we have
I> prei) € J>i0 € I

According to [14], the following inequality holds,

min
JEI> pnt(i)

(éact(i) (mz) - eact(i+1)(xi)) . (Eact(i) (mi+1) - éact(iJrl) ("Ei-‘rl)) and as jz,pnt(i) - JZ,is we have m
<0 The validity of (3I) can be proved similarly by referring to

(46)
is satisfied for all points @; € L(xq, ), which corresponds
to two cases as shown in Fig. [/l To generalize, here we
only consider the case when fluct(;y 7# Lact(i+1)s for the
case Lact(i) = Lact(i+1)> the affine function f,c¢(;y can con-
nect the two points. Then, we can construct a continuous
PWA function connecting the two points x; and x;y;, i.e.,
min{lace(iys Lact(i+1)} for case 1 and max{luci(iy, Lact(i+1)}
for case 2. Like the two cases in Fig. [7l we can construct a

x; Tt x;
(a) Case 1.

Lit+1

(b) Case 2.

Fig. 7. Two cases satisfying (@6).

continuous PWA function, say fl, that connects all the points

the conjunctive lattice PWA representation of fi.
|
Proof of Lemma [3
Proof: As Algorithm [2| shows, the offline complexity
comes from generating the sample set X;, and resampling to
make (I9) and 20) hold, and simplification according to the
rule R1 24).

Assuming that there are Ng; sample points generated on tra-
jectories as shown in Section [[TI=A] the complexity of sampling
N,1 points, i.e., evaluating Line [I in Algorithm 2] includes
solving N4 convex quadratic programming (QP) problems
and corresponding KKT conditions, which are solving linear
equations. The solving of N, convex QP problems with NV, -
ny, decision variables is approximately O (N - L?(N,, - ny,)*)
by using an interior-point algorithm [36], in which L is the bit
length of the QP problem. The dominant algorithmic operation
in solving the KKT conditions is solving N1 matrix inversion
problems, the worst-case complexity of which is O(N|A*[3)
using the Gauss—Jordan elimination algorithm, in which |.A*|
is the number of active constraints. As |A*| < p, where p is

()} < Llacyy(xh), Vi, ) € L(T0, 25)N(X1UXR),



the number of constraints in QP (@), the worst-case complexity
for solving the KKT conditions is O(Ng1p?).

We now discuss the worst-case complexity of evaluating
Algorithm [1] i.e., Line [ in Algorithm 2 For two points x,
and x, if (I9) or 20) is violated, the evaluation of Algorithm
[l is a binary search method for identifying additional affine
functions, which in the worst case requires determining all
the omitted subregions in the line segment L(x.,xs). The
maximum number of subregions appearing in L(z,,xg) is
Uisalé,ﬁ’ where d, g is the length of L(x,,x3) and 0p; the
minimum measure of subregions. The binary searching of the
subregions yields a worst-case complexity of O(log, d;j)
Supposing that there are N, point pairs such that (I9) are
violated, then the worst-case complexity is O(N,, - log, d(;"ﬂf ).
The number N, is closely related to the number of sample
points generated previously, i.e., Ng1. A larger Ng; will result
in a smaller number of N, and d, g; hence, the complexity
of Algorithm [Tl can be decreased by increasing N,;.

After evaluating Line [IH4] there are N, sample points. The
simplification procedure requires the comparison of the sets
J>i (J<) for i = 1,..., N,, which at most yields (]\?) =
w times comparisons. For each comparison, at most M
literals need to be compared. Hence, the worst-case complexity
for the simplification is O(M - N2).

In general, L, Ny, ny,p < Nsi, Ng € Ng1, Ngg < N,
then the total worst-case complexity is O(M - N2), in which
M is the number of literals, i.e., distinct affine functions and
Ny is the number of sample points.

|
Proof of Theorem
Proof: Assume N is the index of all base regions, i.e.,
Q= (J Ty, according to the conclusion in [14], we have

ieN
ut(z) = max {jg}gl{u](m)}}ﬂm € Q, 47)
u*(z) = {Iel'l/\r/_l {]rélixz{u] (m)}},Va: e Q. (48)

in which the index sets I> ; and /< ; are defined as,
I = {jltj (@) = bocgiy (=), VT € T},
I§7i = {JMJ (w) < gloc(i) (m)avm € Fl}
Therefore, for all € ) and all 7 € N/, we have
min {/;(x)} < u*(x), max {{;(x)} > u*(x).
JEI> i Jje€l< i
For a sample point x;, the base region containing x; is
denoted as I',.(;) and the affine function at @; is £ace(i)s

ie., u*(x;) = Lace(s)(x;). According to the definition of base
region and (I6), we have

J>i = I> pnt(i)
J>i D I> pnt(i)

x; € int(Cpneiy),
x; € bd(Tpue(i)),

in which bd(-) denotes the boundary of some polyhedron.
Then the following is valid,

I> puei) € I>

15

Similarly, according to (I8) we have
I pnii) C J<i

As the sampled base regions are only a subset of all base
regions, i.e.,

{pnt(1),...,pnt(Ny)} C N,

we have Ve € Q,Vi € {1,..., N},
in {¢; < i , < u*
i LEh < i, @) <@,

and

. > ; >u* .
jrg};i{fg ()} > jeﬁlﬁm{gj ()} > u*(x)

Then as frq is the maximum of rr}]in li(x),Vi €
JEJI> i

{1,...,N,} and f1. is the minimum of max li(x), Vi €
’ JjE€J< i
{1,..., N}, the following is valid:
fra(@) <u*(z) < foo(x), Ve € Q.

According to (34), we have (33) and (36).

Furthermore, if ¢ = 0, then both approximations are
identical to the optimal control law in the region €, i.e., (37)
holds. [ |
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