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Stability and Performance Analysis of Model Predictive Control of
Uncertain Linear Systems

Changrui Liu", Shengling Shi' and Bart De Schutter”, Fellow IEEE

Abstract— Model mismatch often presents significant chal-
lenges in model-based controller design. This paper investigates
model predictive control (MPC) for uncertain linear systems
with input constraints, where the uncertainty is characterized
by a parametric mismatch between the true system and its
estimated model. The main contributions of this work are
twofold. First, a theoretical performance bound is derived
using relaxed dynamic programming. This bound provides a
novel insight into how the prediction horizon and modeling
errors affect the suboptimality of the MPC controller to the
oracle infinite-horizon optimal controller, which has complete
knowledge of the true system. Second, sufficient conditions are
established under which the nominal MPC controller, which
relies solely on the estimated system model, can stabilize the
true system despite model mismatch. Numerical simulations are
presented to validate these theoretical results, demonstrating the
practical applicability of the derived conditions and bounds.
These findings offer practical guidelines for achieving desired
modeling accuracy and selecting an appropriate prediction
horizon in designing certainty-equivalence MPC controllers for
uncertain linear systems.

Index Terms— Performance guarantees, Predictive control
for linear systems, Optimal control, Uncertain systems

I. INTRODUCTION

Model predictive control (MPC) is an optimization-based
control strategy that computes inputs to optimize a specific
performance metric over a given prediction horizon based
on a system model. MPC has found widespread application
in various fields, such as chemical processes [1], aerospace
vehicles [2], and portfolio optimization [3]. Regardless of
the application, the effectiveness of MPC heavily depends
on the accuracy of the prediction model. However, obtaining
a perfect model is impossible due to inherent modeling errors
in practice.

To address the issues that arise from having an imperfect
model, adaptive MPC is commonly employed, integrating
MPC with a system identification module [4]. Typical ap-
proaches use the comparison error [5], neural networks [6],
and Bayesian inference [7]. On the other hand, data-driven
MPC [8] has also emerged as a promising method for
handling model uncertainty by directly using input-output
data. However, while much of the literature focuses on the
stability, feasibility, and robustness of MPC, studies that
provide performance analysis are limited.
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Relaxed dynamic programming (RDP) is a notable frame-
work for analyzing the performance of MPC controllers
compared to that of the idealized infinite-horizon optimal
control problem [9]. RDP quantifies the suboptimality gap by
analyzing a general value function that describes the energy-
decreasing characteristic along the closed-loop system tra-
jectory [10]. However, most of the existing results using
RDP only hold for MPC with a perfect model [11], [12].
Considering model mismatch, recent extensions are rather
limited. One work considered MPC for nonlinear systems
with disturbances [13], but the results requires restrictive
assumptions. The other investigated adaptive MPC for a class
of parameterized linear systems, where the true matrices of
the system lie in a known polytope [14]. However, perfor-
mance analysis of MPC without model update for general
uncertain linear systems remains unexplored. Given that
nominal MPC without adaptation is still being extensively
applied in practice and linear models are frequently adopted,
it is imperative to investigate the stability and performance
issues in this context.

Contributions: This work presents a novel analysis of the
infinite-horizon performance of MPC for uncertain linear
systems. In contrast to the previous result in [14], the
problem considered in the current paper does not assume
any specific parametric structure of the system nor adapt the
system model online, adhering to the classical framework
of MPC with a prediction model that has been identified
offline. Compared to [15], the results presented in this paper
constitute the first work in this direction that handles input
constraints, filling a fundamental theoretical gap in perfor-
mance analysis of MPC. Using the RDP method, a theoretical
performance bound is established to illustrate the joint impact
of model mismatch and prediction horizon on the closed-
loop performance of the MPC controller. Moreover, our
performance bound is a consistent extension of the bounds
derived in [10], [16], allowing it to recover the existing
bounds without model mismatch. Furthermore, we provide a
sufficient condition on the prediction horizon and the level of
model mismatch such that the closed-loop system is stable.

II. PRELIMINARIES
A. Notation

Let = be a vector; then its transpose is denoted by z ',
and its vector i-norm by ||x|/;. For a matrix M, MT,
||M]|2, p(M) and || M ||¢ denote its transpose, matrix 2-norm
(i.e., spectral norm), spectral radius and Frobenius norm,
respectively. Moreover, M > 0 (x > 0) indicates element-
wise nonnegativity, while M > (>) 0 indicates positive




(semi)definiteness. For a symmetric matrix M > 0, its largest
and smallest eigenvalues are, respectively, denoted by 7 s
and o,,, and we further define TM = gM For a vector

stands for (z " Mxz)'/2,

The set of natural numbers is denoted by N, the set of
positive integers up to n is denoted by Z} with ZZT_ repre-
senting the set of all positive integers, and the set of real and
non-negative real numbers are denoted, respectively, by R
and R . The bold letter x is used to represent concatenation

of a sequence of vectors {z;} as x = [zJ,z/,...]T, and
x[i] := x;. For any two vectors (matrices) x and y, * ® y

stands for their Kronecker product. Moreover, 0,, 1,, and
I,, are the zero vector, one vector, and identity matrix of
dimension n, respectively. Finally, [-] is the standard ceiling
operator (i.e., the least integer operator).

B. System Description & Definitions

Consider discrete-time linear time-invariant (LTI) systems
given by

z(t+1) = Az(t) + Bu(t), teN, (1)

where z(t) € X = R" is the state, u(t) € U C R™ is the
input with U/ being the input constraint set, and A € R"*"™
and B € R™ ™ are the matrices of the true system. x(t)
(u(t)) denotes the true state (input) at time step ¢, whereas
x; (uy) represents the predicted state (input) and/or decision
variables in optimization problems. The set ¢/ is described
using a set of linear constraints as

U={ueR™ | Fu<l,,}, 2

where F,, € R°*™ with ¢, the number of input constraints.
Note that 0,,, € U, and hence U/ is nonempty. For the model
given in as (1), the open-loop predicted state, starting from
any state x € X and being predicted £ steps forward under
the control sequence u = [ug ,u{ ,...,u] ,]", is denoted
as 9, (k, z,u). For linear systems characterized by (A, B),
it is commonly known that

k—1
= AFz 4+ " AM Bui]. 3)

=0

%(k, 'T»u)

On the other hand, given a state-feedback control law p :
X — U, the corresponding closed-loop predicted state,
starting from any state € X and being predicted k steps
forward, is denoted as @' ](k,:c). For the system described
in (1), the controller only has access to an estimated system
governed by the matrices A € A(A,54) C R"*" and B €

B(B,ép) C R™™ ™, where the uncertainty sets A(A,d4) and
B(B,ép) are defined as
A(A,64) ={M e R | [|[A = M|p <64},  (42)
B(B,dp) ={M € R"*™ | |B— M|r <5}, (4b)

where the parameters 64 > 0 and g > 0 are characterized
using system identification or machine learning techniques
before initiating the control task. For the open-loop and
closed-loop predicted state of the estimated system, we

use the notation @z(k,x, u) and QASLU”](k, x), respectively. In
addition, the following standard assumption [14], [17] for
linear systems is imposed.

Assumption 1: The pairs (A, B) and (;1\, ﬁ) are both
stabilizable.
Finally, for convenience in the analysis in Section IV, the
following definition is provided.

Definition 1 (Error-consistent function): We call a func-
tion a(-,-) : R — R to be error-consistent if the following
conditions hold:

1) «(dy,-) is non-decreasing for any 6; € RT,
2) af-,d2) is non-decreasing for any J5 € RT,
3) «(d1,d2) =0 if and only if 6; = Jo = 0.

III. PROBLEM FORMULATION

Consider an infinite-horizon optimal control problem, in
which the controller aims to generate an input sequence u
that stabilizes the system (i.e., steers the state to the origin)
while minimizing the performance metric

(z,ux) : Zl (T4, up), 5
t=0

where 79 = x € X and us = [ug,u{,...,ul]". This
work focuses on a quadratic stage cost given by [(x,u) =
=13 + llull%k, where @ € R™ ™ and R € R™ ™ are
symmetric matrices satisfying Q,R > 0, and [*(z) =
min, ey [(x,u) = ||lz||3. In addition, for any linear control
law u = k(xz) = Kuz, the local region 2k is defined as

={z € X | I*(z) < ek} with ex > 0 such that
Kz € U for all z € Q. The maximum ex can be derived
analytically, and the explicit form of which is given as

1

= n————— 6
€x = min KT (6)

where [F,K];.) denotes the i-th row of the matrix F, K.
Given the dynamics in (1) and the input constraint set in (2),
the optimization problem is given as

Pr—ocp : min ZHfftHQ + [l %
{ f}t 0 +—0
s.t. Ti41 — Al’t + But,Vt € N,

ug € U, Vt € N,
xg = z(0).

The optimal solution to the problem Pi_ocp is denoted by
u*_ (2(0)); the associated optimal value of the cost function
is Voo (2(0)) 1= Joo (2(0), uz, ((0))).
Assumption 2: The initial state 2(0) lies in the region of
attraction Xrpoa of the considered system in (1) such that,
given the input constraints in (2), Voo (2(0)) is finite for all
z(0) € Xroa-

Corollary 1: Under Assumption 2, Xroa is a control
invariant set, i.e., for all x € AXRroa, there exists u € U
such that Az + Bu € Xroa.



However, due to the infinite nature of Prg_ocp, computing
the optimal input is intractable. Therefore, at each time step
t, an truncated performance metric follows as

N
N) = Z ||9Ck|t||%2 + [Jugpel| B (N

k=0

In(z(t),u

where N > 1 is the prediction horizon, xy; and uyg; are,
respectively, the k-step forward predicted state and input
with xg, = x(t) being the true state at time step ¢, and
uy = {ua—‘t,uﬁt, . ,u;_llt}—r. In this work, we consider
the formulation without a terminal cost, as also done in [16],
[18]. At each time step t, the ideal MPC controller that has
access to the true system solves the following optimization
problem:

N

min > (ke + %)
uk\t}k 0 =0

Pip—mpc -

S.t. karl‘t = Axk‘t + BUMth S Z?\_f—l’
upe €U,k € ZF;
Top = ().

By solving the problem Pip_n\pc, the optimal value of
uy is denoted by uj (x(t)), and the corresponding value
of the cost function is Vi (z(t)) := Jn(z(t), ul (z(t))).
Moreover, the problem Pip_pypc implicitly defines an ideal
MPC control law as py(z(t)) := uj (z(¢))[0]. In practice,
however, a nominal MPC controller can only rely on the
estimated system, and it instead solves the following opti-
mization problem:

N
min Y (|lzxelld + lunllz)

Ukt k 0 k=0

Pxyv—wmpe

S.t. I'k_;'_l‘t = Axk‘t + B’U,k‘t,vk S ZE7
upe €U,k € LY
:L‘O|t = .'lf(t)

Likewise, the optimal solution to the problem Pnyi—mpc iS
denoted by U} (z(t)), the value of the cost function follows
as Vn(z(t)) = Jn(x(t),uy(z(t))), and the real MPC
control law is defined as iy (z(t)) := Uy (x(¢))[0]. Starting
from z(0) = =z, the nominal MPC controller is applied
recursively, and the resulting performance is

Zl( “N]t:c

The main objectives of this paper are twofold: (i) to in-
vestigate under which conditions the MPC control law iy
can stabilize the system and (ii) to quantify the closed-loop
performance of the real MPC controller Jao 3 N](x) relative
to the optimal infinite-horizon cost Vo, (x) (i.e., the optimal
value function V,, evaluated at z(0) = x).

Remark 1 (Nullified input at stage N): For both the op-
timization problems Pip_ypc and Pre_mpc, the optimal
input satisfies u}‘\,l , = 0 due to the positive definiteness of

T (o v (@) (t,2))  ®)

the quadratic cost. upy|; is included in the formulation to be
consistent with the one without a terminal cost.

Remark 2 (State constraints & region of attraction): In
this work, we do not consider an explicit state constraint
set X. However, in the presence of hard input constraints,
stabilizing the system may not be possible for any arbitrary
initial state x(0) = x, especially for unstable systems with
p(A) > 1. Therefore, Assumption 2 is imposed for the
validity of our work. Similar assumptions have been made
in [19] and [11] using the notion of cost controllability.
Characterizing Xgroa without knowing the true system is
an open issue and is out of the scope of this paper.

IV. THEORETICAL ANALYSIS

In this section, we provide an analysis of the stability
and the closed-loop performance of the MPC controller with
model mismatch. In Sgction IV-A, a relation between the
MPC value function V and the infinite-horizon optimal
value function V., is established, leveraging the sensitivity
analysis of quadratic programs (QPs). In Section IV-B, a
performance bound is derived theoretically using the RDP
inequality.

A. Evaluation of the MPC value function

An upper bound of XA/N in terms of V, is established first.
Note that these two value functions are constructed using
different dynamic models. We first state the main result and
highlight its interpretations.

Proposition 1: There exist two error-consistent functions
an(64,0p) and BN (da,0p) such that, for all z € ARroa,
Vi and V,, satisfy the following inequality':

Vn(z) < (1+an(04,08))Veo () + Bn(64,0B), (9)

where functions ay and [y relate to the eigenvalues and
matrix norms of A, B, @, R, the input constraint set I/, but
not to quantities derived from A or B. Explicit expressions
of ay and [y are given in Appendix A.

The upper bound in (9) is consistent with the bound
without model mismatch: Vy(x) < Vio(x). In fact, if
04 = 0p =0, Vi is identical to Vy and (9) degenerates to
VN (2) < V() since both ay and Sy are error-consistent.
Furthermore, a and Sy are computable because they do
not depend on the matrix pair (A4, B) of the true system.
The proof of Proposition 1 can be found in [20]. The main
challenge lies in expressing Vi (z) in terms of ujy(z) and
Y (, , uly(z)), which can lead to a relationship between
Vn(z) and Vy(z). Consequently, by using the fact that
Vn(z) < V(x), we can arrive at the desired inequality
as in (9).

B. Closed-loop Stability and Performance Analysis

Under the MPC control law iy, at a given state x, the
next-step state is computed as xf, = Ax + Biy(x). If there

IThe explicit dependence of ay and S on the prediction horizon is
highlighted using the subscript N.



exists a so-called energy function V:R" - R, such that
the RDP inequality

V(ah) = V(x) < —el(, fin ()

re

(10)

holds for all x € Xroa, where € € (0, 1], then the controlled
system is asymptotically stable [9], [12]. In this paper, the
case where V = Vy is investigated and the coefficient € is
derived as a function of the prediction horizon N and the
parameters 04 and dp that quantify the model mismatch.

We first present a preliminary result that can be applied
to both the true system and the estimated system.

Lemma 1: Given a positive-definite quadratic stage cost
I(z,u) = ||x]|3) + [|ul|% and a local linear stabilizing control
law u = k(z) = Kz for the system pair (A, B), there exist
scalars A > 1 and px € (0,1) such that for all z € Qg
and k£ € N, it holds that

WO (k, ), KOl (k, 2)) < Cj (o)1 (),

where C = (1 +2515R”K”§)7‘Q()\K)2-

Proof: The proof is closely related to the common
results on exponential stability of linear systems, and it is
given in the full version [20] for completeness. O

Based on Lemma 1, the following result about the prop-
erties of the open-loop system can be obtained.

Lemma 2: Given an upper bound My, of Vi for all x =
2(0) and a stabilizing control law v = K« for the estimated
system, there exist constants Ly := max{+, J}f—;’} and Ny :=

[ max{0, “2-°}] such that for N > No, it holds that

Y

Vn(z) < Lol*(2) < Lol(z, fin(z)) (12a)
[¢2(N, 2,05 ()5 < v ~Nl(z, fin (),  (12b)

where ¢ is defined as in (6) using the gain K, v = Cj (1 —
pr)~ " with Cj; and pk given as in Lemma 1, and p, =
Yy = 1)
Proof: The proof follows a procedure similar to that in
[19, Theorem 5] and is based on the lemma 1. O
For a stabilizable system, (12a) and (12b) provides an upper
bound, respectively, for the value function Vi and the cost
of the final state, both in terms of the stage cost. Moreover,
(12b) implies that, given a sufficiently long horizon, the
cost of the final state exponentially decays as the horizon
increases. The critical horizon Ny quantifies the required
number of steps such that the final state lies in the local
region Q.
Proposition 2: There exist a constant 1y and an error-
consistent function &y satisfying x(d4,05) +nn < 1, and
for all x € ARpa the following holds:

V(o) — V(@) <
—(1=¢&n(04,0B) — nn)l(=, in(z)),

where the function {x and constant 7y relate to the eigen-
values and matrix norms of A, B, @), R, the input constraint
set U, but not to quantities derived from A or B. The explicit
expressions of £y and ny are given, respectively, in (28) and
(27) in Appendix B.

13)

In Proposition 2, the relation in (13), serving as the RDP
inequality for the closed-loop systems (cf. (10)), provides a
lower bound of the energy decrease in terms of the stage
cost. Moreover, based on {x(54,05) +nn < 1, a sufficient
condition on the prediction horizon and modeling error can
be derived such that the closed-loop system is stable. This
condition is summarized in the following corollary:

Corollary 2: Given a sufficiently long prediction horizon
N satisfying

tog (|| 4l3rq7)
log(py )
where Ny, v and p. are defined as in Lemma 2 using gain

K, the closed-loop system is asymptotically stable if the
modeling error is small enough such that

N > Ny + , (14)

2

FwR 1y twn, ) (1-nw)] 2
) L as)

TWNL(L
h(5A, 5B)<

WN,(1)

where 1 is defined in (29), ny is given as in (27), and wy, (1)
and Wy, (1) are given, respectively, as in (31a) and (31b).

Informally, Corollary 2 indicates that the model mismatch
should be small enough to ensure the stability of the closed-
loop system if the MPC control law is derived from the
estimated model instead of the true model. The complete
proof of Proposition 2 is given in the full version of this
work [20], and the main challenge is to establish an upper
bound for Vi (z;,) — V() in terms of I(z, iy (z)), where
Lemma 1 and Lemma 2 will be used.

The final infinite-horizon performance guarantee is stated
in the following theorem:

Theorem 1: Given oy and Sy as in Proposition 1, and
&N and ny as in Proposition 2, it holds that

JCEEN](I-) < ﬂ 571\[

1—¢n —nN 1—¢n —nN
where JY(2) is defined in (8).

Proof: The proof resembles that of [10, Prop. 2.2], and

it is provided for completeness. By performing a telescopic
sum of (13), for any T' € N, the following holds:

Voo (z) + , (16)

~

-1

(o)t ), i (62, 2)))

< Vn(a) = Vn(elB¥N(T,2)). (17)

(1—=¢&x —nN)
t

Il
=

Taking T' — oo, using the performance definition in (8) and
0 < Vv (0¥ (00, 2)), (17) yields

(1= &x —nn)JEN () < V(). (18)
Then, substituting the bound in (9) into (18) leads to
(1—én =) JEN (@) < anVio(@) + By, (19)

which gives the final bound in (16) after dividing both sides
by the constant 1 — {n — 1. O

Given that ay, Oy, and &y are all error-consistent, the
worst-case performance bound as in (16) will increase if



the modeling error becomes larger (cf. the non-decreasing
property of the error-consistent functions in Def. 1). Besides,
if the model is perfect, the final performance bound will
degenerate to

J&N](x) < #

1 —nn
Note that (20) is a variant of the bounds given in [10], [19]
without modeling error.

Voo (). (20)

V. NUMERICAL EXAMPLE

Consider the true linear system of the form (1) specified

by
1 07 1

A= [0.12 0.4} » B= {1.2} ’
with the input constraint set given in (2) with F, =
[10,—10] ". It should be noted that this considered numer-
ical example is challenging to analyze since it is unstable
(p(A) = 1.1171 > 1), meaning that the allowed level of
modeling error and the prediction horizon are restricted to
ensure £y +7nnx < 1. Now its infinite-horizon performance is
analyzed based on the theoretical results. For the quadratic
objective, the matrices () and R are given by

20
0= 9. non
To simplify the simulation, the case o4 = dp = ¢ is

considered, and we investigate the behavior of the derived
performance bound when § varies between 10~3 and 102
for a fixed prediction horizon. For a given level of modeling
error § € [1073,1072], 100 different estimated systems
have been simulated, all of which are generated randomly
and satisfy (4). For each of the system, its corresponding
feedback gain K as in Lemma 1 is designed using LQR with
the tuple (A, B, @, R). The code used for the simulations in
this paper is available on GitHub.? The behavior of «, BN,
&N, and Jpouna (the bound given in (16)) as a function of
0 is shown in Fig. 1. The results in Fig. 1 indicate that an
increased modeling error leads to a larger difference between
the value functions Vi and V. (by having larger values
of ay and fBy), a mitigated energy-decreasing property (by
having a larger value of £ ), and thus an increased worst-
case performance bound.

On the other hand, given a specific value of ¢, the behavior
of the four quantities oy, By, En, and Jyoung When varying
the prediction horizon has also been simulated, and the
results are presented in Fig. 2. According to Fig. 2, as
the prediction horizon is extended, the error accumulates,
which is reflected in the increasing behavior of ay, On,
and &y . However, the performance bound is not necessarily
a monotonous function of the prediction horizon since 7y
decreases as N increases. For 6 = 51073, N = 7 is
the prediction horizon that achieves the smallest worst-case
performance bound. For this numerical example, the optimal
cost Vo = 0.20229, and the true closed-loop MPC cost

2See https://github.com/lcrekko/lq_mpc

Fig. 1. The behavior of a5y (upper left), B (upper right), £ (lower left),
and Jpouna (lower right) for a varying modeling error § € [1073,1072].
For a given error level §, 100 estimated systems are simulated, and the
mean, variance, and max (min) of each of the four quantities are shown,
respectively, using a solid line, dashed lines, and dotted lines.

0a=0p=0.005 0a=0p=0.005

—— ay i %= By

10

da=0p=10.005

= Jyound

Fig. 2. The behavior of a (upper left), By (upper right), £x (lower
left), and Jpounda (lower right) for a varying prediction horizon N &
{6,7,8,9,10}. For the specified § = 5- 1073, 100 estimated systems
are simulated, and the mean, variance, and max (min) of each of the four
quantities are shown, respectively, using a solid line, dashed lines, and dotted
lines.

varies between from 0.20229 + 5 - 10~° to 0.20229 + 1.1 -
10~%. In Fig. 3, the true cost of the certainty-equivalent
MPC controller is shown, revealing that our performance
bound is conservative. This conservatism primarily arises
from repeatedly applying various inequalities, leading to the
accumulation of relaxation errors. In general, RDP-based
theoretical performance analysis suffers from conservatism
(see also [11], [21]) since the RDP inequality only provides
a lower bound on the decreased energy of the closed-
loop system (cf. (10)). Furthermore, the optimal prediction
horizon deduced using the worst-case performance bound
is not necessarily the optimal prediction horizon Ngpr that
achieves the best performance, which is reflected in the right
subplot of Fig. 3 where it can be observed that the true
performance does not vary significantly when the horizon
changes. This discrepancy is due to that facts i) that Nopr
depends on the linear feedback gain K that is chosen subject
to user preference and ii) that the derivation based on the
energy-decreasing property in (10) is only sufficient but not


https://github.com/lcrekko/lq_mpc

54=0p = 0.005

%1070 42,0220 x 10!

8] e gl

Fig. 3. The behavior of the true performance as a function of the modeling
error (left) and prediction horizon (right). For a given error level §, 100
estimated systems are simulated, and the mean, variance, and max (min)
of each of the four quantities are shown, respectively, using a solid line,
dashed lines, and dotted lines.

necessary. However, our theoretical analysis still highlights
the tension between choosing a long horizon for optimality
and a short horizon for a lower prediction error, and thus the
conclusions can still provide design insights for choosing a
proper prediction horizon of certainty-equivalence MPC.

VI. CONCLUSIONS

This paper has studied the stability and closed-loop per-
formance of model predictive control (MPC) for uncertain
linear systems. A significant contribution of this work is
the derivation of a performance bound that quantifies the
suboptimality gap between a certainty-equivalence MPC con-
troller and the ideal infinite-horizon optimal controller that
has full knowledge of the true system model. Additionally,
a sufficient condition regarding the prediction horizon and
the level of model mismatch has been established, which
guarantees the stability of the closed-loop system. The
analysis further reveals the interplay between the prediction
horizon and model mismatch, offering crucial insights into
their joint impact on the performance of MPC. These findings
provide valuable guidance for the design and implementation
of MPC controllers for uncertain linear systems, particularly
in achieving an acceptable level of model identification error
and selecting a suitable prediction horizon to ensure robust
performance. Future research directions include extending
the current analytical framework to incorporate MPC with
terminal costs, developing alternative analysis tools and do
comparisons, as well as investigating the performance of
adaptive MPC and learning-based MPC approaches that
dynamically learn the system model online.
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APPENDIX

A. More on Proposition 1

The detailed expressions of o and [y are
1 1
aN = max {plEfvm + P3Ny

+p1p3(EN,(¢)EN,(w,u))%, szﬁ(u)} (21a)

1 1
By =+ pER () (BER (4 0) + ENv.)
1 1 1
Y EY () FEN ) 0 EY (o FER (s (21D)

where the pairs (p;,¢;) € R? satisfy p;g; = 1 and the
details of the terms En (), En,(u), and En () are given,
respectively, in (24), (25), and (26) below. First, several



preparatory definitions are presented to support those details.
Given matrices A and B as in (1), define

I 0 0 0
A B 0 - 0
by= | A | Tyi=| AB B 0
AN AN-1B AN-2R ... B

and ® ~ and r ~ are defined similarly using A and B.
Further, d,, := maxy, u,ecu ||u1 — u2||3, @ := max,ey [|ul|3,
and error-consistent functions gizx) and gizu) are defined for
all n € N} as

9" (6a) = (I14112)7",

gETEL><6A,6B>={<5B +11B112)95 2y (54:°)

(64 + (| All2)" - (22a)

+5B(||2||2>i} . (22b)

Lastly, define 6y () and O (5,) as
(23a)
+ §()J(w)), (23b)

where g,y and g, are, respectively, deﬁned as g(g) =

Z'fil g'L(,l()a:) and g(“ Z’L 12_7 Og] (u with gfl()z) and

gi(l()u) given as in (22) with n = 1.

0N, () =0Q (21T N ll29(u) + GCu))»
ON (o) =0Q (TN l129() + 1 ®N]129(w)

(1) Details of En,(4): The explicit expression of En () is
EN ) =0QAN, ) (), (24)

where Ay (y)(2) is given by

Z ng <x)+ngfl w)) (|lz|2+k)

k=0

(2) Details of Ey () and Ey (4 .): The explicit form of
EN,(u) is

En ) =0r (AJ\r,(au)(ﬂﬁ))2 ; (25)

where Ay (5u)(7) is given as
1
min {(Nd )2,

CAzpe

l\D\»—A

((Na)§9N,(u)+||xH29N,(z,u)> },

in which Oy . () and Oy () are defined as in (23), HN =

RN+FNQN+1FN with RN = Iy®R and QN+1 = IN+1®
Q. Next, the expression of Ey (y ) follows as

i —~ N 2
EN,(w,u):ﬁ <||FN||2 + g(u)) EN, - (26)

B. More on Proposition 2

The detailed expression of 7y is

v = || A|3rqypl —Ne, 27)

where v, p, and Ny are defined in Lemma 2 using a linear
feedback gain K. Finally, the detailed expression of &y is

€N:WN,(1)h(5AaéB)+2WN 1y ((5,4,(53) (28)

2

where the function & is given by

h(6a,0B) = 05" 0% + o5 6%, (29)

and the terms wy (1) and Wy, (1) are given, respectively, in
(31a) and (31b) below.
Details Aof WN,(1) and WN, (1)
S ALY as

—~ N -1

GN(A) = 4 1A~
1Al

Define GN(/T) =

if [|Allz = 1

. ~ 30
it Al £1, OV

and wy (1) and WN,(1) follows as

w0 =00 (14 AlEre) 1AV +Gn(A)] . (1)

[N

wy, ()= |7a(Ly - )GN<A>}
1| A 2r 12
+ 5L [Fo(I AN ey, (i)

-~

where Ly, is given as in Lemma 2 and Gy (A) is given as
in (30).
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