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Irredundant lattice piecewise affine representations and their
applications in explicit model predictive control

Jun Xu, Ton J.J. van den Boom, and Bart De Schutter

Abstract—In this paper, we derive the irredundant lattice
piecewise affine (PWA) representation, which is capable of
representing any continuous PWA function. Necessary and
sufficient conditions for irredundancy are proposed. Besides,
we discuss how to remove redundant terms and literals and
propose corresponding necessary and sufficient conditions. In
a worked example, the irredundant lattice PWA representation
is used to express the explicit model predictive controller of
a linear system, and the result turns out to be much more
compact than that given by the state-of-the-art algorithm.

I. INTRODUCTION

In [1], the lattice piecewise affine (PWA) representation is
proposed to generate PWA functions for the approximation
of a nonlinear function, and the construction of the lattice
PWA representation is basically a proof of the fact that
any continuous PWA function can be represented by the
lattice PWA representation. In [2], a formal proof is given
demonstrating the representation ability. In fact, the lattice
PWA representation is similar to the canonical max-min-
plus-scaling (MMPS) function representation [3], [4], which
can be described as

f= poin {max{;}}, M
or
f= e {min{fs 3} ©)

in which ¢; is an affine function, N; and N, are integers,

the sets I; and I; are index sets; besides, the operations
“max”, “min” are performed entrywise. The first expression
is referred to as the conjunctive form, while the second is
the disjunctive form. The equivalence of continuous PWA
functions and canonical MMPS functions has been proved
in [5]. In this paper, we mainly focus on the disjunctive
lattice PWA representation; however, the results can be easily
extended to the conjunctive case due to duality.

Compared with other methods for representing PWA func-
tions [6]-[10], lattice PWA representations are powerful. In
fact, the methods of [6]—[8] cannot represent all continuous
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PWA functions, the parameters in the representation pro-
posed in [9] are not easy to determine, and the number of
parameters in the expression in [10] is large. Conversely, the
integer N, (V3) and the index set I; (I;) used in the lattice
PWA representation are not hard to derive, which will be
demonstrated in Section II.

Lattice PWA representations have been used to express the
solution of explicit model predictive control (MPC) problems
in [11]. Traditional MPC is an online control method based
on optimization at each time step; it can handle a large
number of system constraints by incorporating them into the
optimization problem. The optimization is performed using a
prediction model for predicting future outputs of the system.
For linear prediction models with constraints on states and
outputs, if the performance criterion is quadratic or based on
amixed 1/00- norm, it is proved in [12], [13] that the optimal
solution is a continuous PWA function with respect to the
state vector; hence, the optimal solution can be computed
offline, and the cost of online optimization can be reduced
to that of online evaluation of a continuous PWA function.
This is exactly what “explicit” means.

The continuous PWA optimal solution can be computed
using multi-parametric quadratic programming through e.g.
the MPT toolbox [14] and stored as local affine functions
and subregions. It is straightforward to use a lattice PWA
representation to express this, and the storage requirement
will be reduced compared with the solution given by the
MPT toolbox. In [11], it is pointed out that there may be
redundant parameters in the lattice PWA expression and [11]
gives two lemmas to remove the redundant ones. However,
the lemmas have limitations and the result may be redundant.
Hence, in this paper, we aim to give an irredundant lattice
PWA representation.

The paper is organized as follows. The next section intro-
duces the full lattice PWA representation, and illustrates how
to construct one. The irredundant lattice PWA representation
is derived in Section III, including necessary and sufficient
conditions for irredundancy and how to remove redundant
terms or literals. Section IV gives a worked example of
the application of irredundant lattice PWA representations
to express the solution of the explicit MPC problem. Finally,
the paper ends with conclusions in Section V.

II. FULL LATTICE PWA REPRESENTATION

The full lattice PWA representation is capable of repre-
senting any single-valued continuous PWA function, which
is defined through the following definition.



Definition 1: A function f : D — R, where D C R"
is convex, is said to be continuous PWA if the following
conditions are satisfied:

1) The domain space D is divided into a finite num-
ber of nonempty convex polyhedra, ie., D =
UN.D;, D; # 0, the polyhedra are closed and
have non-overlapping interiors, int(ID;) N int(D;) =
0, Vi,j e{1,..., N},i # j. These polyhedra are also
called base regions. The boundaries of the polyhedra
are nonempty sets in (n — 1)-dimensional space.

2) In each base region D;, f equals an affine function

eact(i):

J(@) = Lace(y (), Vo € Dy, withi e {1,..., M},
3)
and we call the affine function /,.(;) active in the
base region ;. In (3), the integer M is the number of
distinct affine functions in f; so no two affine functions
¢;and ¢, 4,5 € {1,...,M},i # j, are identical.
3) In each base region D;, no other affine function inter-
sects with £,c¢(;) in the interior of D, i.e.,

{0 () = lace(iy (@), § # act(i)} Nint(D;) = 0. (4)
4) f is continuous on the boundaries, i.c.,
2act(i)(aj) = fact(j) (37), VeeD;N ]D)jaID)i N ]D)] 7& 0.
5

Remark. In this paper, we define the continuous PWA
function with respect to base regions. In fact, the subregions
mentioned in [15] can be partitioned into base regions.

The results of [1], [16] can be easily extended to the lattice
PWA representation for base regions, which leads to:

Lemma 1: Let f be a continuous PWA function defined
in Definition 1. Then f can be represented by

o) = max { min {£;(@)}}, Vo €D, (6)

with I ; = {j]0;(2) > Lace(iy (), Vo € Dy}
We call (6) full lattice PWA representation.

In the base region I;, as (4) holds, for an affine function
éj with J 7& act(i), eitherj € 1271‘ or j € vai‘ Ifj € 1271‘,
then £;(x) > Lacr(s)(2), Vo € int(DDy), else if j € I<;, we
have £;(x) < Lace(s) (), Vo € int(DD;).

In the full lattice PWA representation (6), two binary
operations “min” and “max” are present. They are similar
to the Boolean AND and OR of Boolean algebra. Analog to
the terminology of Boolean algebra, we call “jlenlin {¢;}" a

>,i

term, denoted by T, in which the superscript “F” indicates
that the term corresponds to the full representation. In each
term, the affine functions ¢;, j € I ; are called literals.

We give a simple 1-dimensional example to illustrate the
above definition and lemma.

Example 1: Consider a 1-dimensional continuous PWA

function f with 5 affine functions:

l1(z) = 0.5z, = €[0,2],

L) =z—1, z €[2,3],

ZB(x) =2,z¢€ [376]a (7N
ly(x) = —x+8, x €[6,7],

l5(x) = —0.52 + 4.5, z € [7,9].

The plot of f is shown in Fig. 1. From Fig. 1, we can see

0 Dy Dy D3 Dy D5 Dy Dy
o 1 2 3 4 5 6 7 8 9
xT

Fig. 1. An example illustrating Theorem 2.
that there are 7 base regions. According to Lemma 1, we
have the following 7 index sets and corresponding terms:

IZ,I = {1737475}7 IZ,? = {2737475}7 IZ,B = {2737475}7
12,4 = {1727374a5}7 12,5 = {1727?”4}7
1276 = {1727374}7 12,7 = {1727375}7

8
Tf:min{€1,€3,£4,€5}, TQF :Inin{€2,£3,€4,€5}, ( )
szmin{€2,€3,€47€5}7 Tf zmin{€1,£2,€3,€47£5},
szmin{ﬁl,ﬁg,fg,&;}, TGF zmin{ﬁl,fg,&;,&},
T’;F :min{£1,€2,€3,£5}.

©)

The full lattice PWA representation for this example is
- i . = I
fz) = _rrllax7{jrenIlZn’i{€J (x)}} i:H1laX7{T’ }, Vz €[0,9].

(10)
It is obvious that T2F and T3F are the same; so either
of them can be deleted without affecting the value of f.
Similarly, we can also delete either 7Y or Tg without
affecting the value of f. Besides, a more surprising fact is
that removing /5 from T} will also not affect the whole
expression. Therefore, the lattice PWA expression (10) is
redundant. [
In the next section, we are dedicated to find an irredundant
lattice PWA representation.

ITI. IRREDUNDANT LATTICE PIECEWISE AFFINE
REPRESENTATION

We define the irredundancy of a lattice PWA representation
as follows:
Definition 2: A lattice PWA representation
fu= 1D

max {7;} = max {min{¢;}}
i=1,..., i=1,...,N J€li



with N < N is irredundant, if no term 7; = I_niln{éj}, and
J€l;

no literal £;, with i € {1,..., N} and j € I;, can be deleted
without affecting the value of f.

To achieve irredundancy, analog to the Boolean algebra,
we define implicants and prime implicants.

A. Implicants and prime implicants
Definition 3: For a continuous PWA function defined in
Definition 1, we say T; = miIn{Kj} is an implicant of f, if
Jel;

Ti(z) < f(z), ¥z €D, (12)

and there is some base region D such that 7; = f in Dy.
The implicant T; = mm{é } is prime if there exists no other
€I

implicant T,. = mln{( } of f such that I, C I,.

=

For an 1mphcant of f, we also define the base regions in
which it is active.

Definition 4: The implicant T; is called active in the base
region Dy, if T; = f in Dy. The indices of all base regions
in which T; is active constitute an index set A(T;).

It is noted that in Definition 1 we call £, (;) active in the
base region ;. Similar to the notation in Definition 4, the
indices of all base regions in which £, (;) is active constitute
an index set A(lace(s))- It is obvious that i € A({aeq(i))-

In the base region Dy, with k ¢ A(T;), from the deﬁmtlon
of implicant, we have T; < f,T; # f. Besides, if x €
int(Dy), k ¢ A(T;), according to (4), we have T;(x) < f(z).

We now describe the implicants and prime implicants in
the context of the lattice PWA representation. The following
lemma determines the indices of base regions in which a
term is active.

Lemma 2: Given an implicant T; = ném{f }, it is active

in the base region Dy, i.e., k € A(T;) if and only if I; C
Is .
Proof: Necessity. If k € A(T;), we have I; C I .
Otherwise if I; ¢ I> , we can find an r such that r €
L, r¢ Isp Asr ¢ I> &, there would exist an & € Dy,
such that £,.(Z) < lac)(Z) = f(Z). Since r € I;, we have
Ti(%) < £p(%) < Lacer) (%) = f(Z), contradicting the fact
that k € A(T;).
Sufficiency. If I; C I j, as T} is an implicant, we have
act(k) € I;, then T; = logyy = f in Dy, ie., k € A(T;).
|
Lemma 3: Every term TF = 'renlin {¢;} in the full lattice
Jel> 4

PWA expression (6) is an implicaﬁf of f. Moreover, there
exists at least one prime implicant T; = mijn{fj} of f with
Jel;

Ii - IZ»Z' and A(T;F) - A(TZ)
Proof:
According to Lemma 1, TY = f in D;, thus A(T}) # 0,
besides, 77 < f in D, so T} is an implicant of f.
For each TF, we first set I; = I>; and T; = min{E-}.
Then, for each k € I, if ; mm {¢;} < f, we set I; =

EL\{k}
I\{k}and T; = mlln{ﬁj} Thus the resulting T; = mlln{éj}
J€Li J€L;

satisfies T; < f, and for any index set I; C I;, the statement

mm{f } < f does not hold.
JEL
Considering 7; obtained above, now we explain why

A(TF) C A(T;). Assume this does not hold. Then there
would exist an index k satisfying k € A(TF) and k ¢ A(T;),
so in int(Dy), we have Tf = f, and T; < f,, which
contradicts the fact that TiF <T;.

From the above proof, the resulting 7; satisfying T; < f
in D and no literals can be deleted from 7T; without violating
the inequality, moreover, T; = f in A(T}), thus T; is a prime
implicant of f. |

The following lemma gives the conditions that the term in
the full lattice PWA representation can be replaced.

Lemma 4: In the full lattice PWA representation (6), the

term 7} = min {¢;} can be replaced by T; = mm{ﬁ }
JeI>;
without affecting the function value if 7} is an 1mphcant of
fand I; C Is ;.
Proof:  After replacing TF with T} in (6), we have

max{1},....T5 |, T;,TF ..., T} = f in all base re-
gions, hence the functlon value of f is not changed. |

B. Necessary and sufficient conditions for irredundancy

The irredundancy of a lattice PWA expression can be
checked through the following theorem.

Theorem 1: The lattice PWA representation (11) satisfies
fu = f in D is irredundant if and only if the following two
conditions hold:

i) Each term T; = I_niIn{Ej} is a prime implicant of f.
Jel;

i) A(T;) £ Ug 1s2A(Ts), Vi€ {1,...,N}.

Proof: First we prove necessity. If the lattice PWA
expression fi, is irredundant, then no terms and literals can
be deleted from f1, without affecting the function value of
fu.

Clearly condition i) must hold; otherwise if T} is not an
implicant of f,we can delete it without affecting the function
value of fr, or else if 7; is an implicant but not prime
implicant, as a direct result of Lemma 4, we can delete some
literal from 7; without affecting the function value.

Considering condition ii), if it is not satisfied, there is an i

such that A(T}) C U]\L1 .iA(T), then for each k € A(T;),
there is some 4, € {1,..., N}, iy # i such that k € A(T}, ),
ie.,

T, (v) = f(x), Yo € Dy. (13)

Thus we have

{Ti(2)} = f(z), Vo €D,

max _

s=1,...,i—1,i+1,...,N

hence T can be removed from f;, without affecting the
function value, yielding contradiction.

Now we prove sufficiency. Condition i) implies that no
literals can be deleted from T); without affecting the function
value.

We prove that condition ii) indicates that no prime im-
plicant T; = mln{é } can be deleted without affecting the

Jj€

function value of fu in D. Otherwise, if we delete T} for



some 7 € {1,..., N }, according to condition ii), there is at
least one index k; € {1,..., N} satisfying k; € A(T}) and
k; ¢ UN . A(Ty). Thus in int(Dy, ), we have

{T}<f

s=1,s#1

max

s=1,.. ,z 1 z+1
the function value of fi, has been changed. Therefore, the
two conditions ensure the irredundancy of fi,. |

C. Removing redundant terms and literals

A corollary concerning removing redundant terms in a
lattice PWA representation follows.

Corollary 1: In the lattice PWA representation (11), the
term T; = Iréln{ﬁ } can be removed without affecting the

function value fr, in D if and only if

'A(T) - Ue 1 s;ﬁz'A(T ) (14)

Proof: According to the proof of Theorem 1, condition

ii) is a necessary and sufficient condition for the irredundancy

of terms. Hence, 7; is redundant if and only if (14) is

satisfied. |

Next we explain how to remove redundant literals and
derive prime implicants.

Theorem 2: Given a term T} = Iel’llln {¢;} in the full

>
lattice PWA representation (6). The term T; = mm{ﬁ } with
I; C I- ; is an implicant of f if and only if Vj’t €I\ 1L,

Vk € A(Et) we have

T;(x) < b(z),Va € Dy. (15)
Proof: The proof can be divided into two parts, the first
is necessity and the second is sufficiency.

(1) Necessity. As T; is an implicant of f, we have T; < f
in D. If (15) does not hold, there would exist some index
te >\ 1L ke A(?;), and some & € D;, such that T;(z) >
0,(%) = f(Z), which yields a contradiction.

(2) Sufficiency. Assuming that (15) holds for all ¢ € I> ;\I;
and all k € A({;), then act(i) € I;. According to Definition
3, in order to prove that T; is an implicant of f, two steps are
needed, the first is to prove 7; < f in D and the second is
to prove that there exist some base regions in which T; = f.

Step 1: Now we prove that 7; < f in D, i.e., for all
ke {1,..., N}, the following holds:

Tz(x) < gact(k)(m) - f(x),Vx € Dy

The proof proceeds according to different cases of the index
act(k): act(k) € I;, act(k) € I>; \ I; and act(k) ¢ I> ;.

Case 1: act(k) € I,. In this case, (16) follows as T; <
Eact(k’)-

Case 2: act(k) € I>; \ I;. In this case, (15) ensures the
validity of (16).

Case 3: act(k) ¢ I> ;. In this case, if (16) is invalid, we
can find an index k and an z, € Dy, satisfying £,z (zs) =
f(xs) < Ti(xs). As both £, ) and T; are continuous, such
an x5 can be found in the 1nter10r of Dz, ie., zs € int(Dy).

Since act(k) ¢ I, we can find an z, € int(D;)
Satisfying £,y i) (7e) < Cace(iy(ze) = f(we) = TF () =
T (ze).

(16)

Consider the line segment
[msv Ie] = {‘T € D|SE = (1*/\)1754»)\569, 0<A< 1}7 (17)

as D is convex, we conclude that f is continuous PWA when
restricted to this line segment.

AS Loy (2s) < Tiws) and £, gy (2e) < T;(we), for all
jel, Vm e [xs, ze], we have é,wt(k)( x) < ¢;(z). Hence for
all z € [, x|, we have £, ) () < lact(s) ().

Since f is continuous when restricted to [xg,x.], there
must exist some point z; € [z, z.] and an affine function ¢;,
with 4; # act(k), such that f(z;) = Coc(iy(@1) = Liy (1),
thus we have

eil (xl)

According to (18), we have x1 # x.. Define an index set Sy
as

= gact(fc) (1‘1) < Tz(l‘l) (18)

S ={1,...,M}\ (1271» Uact(ié)) .

Now we prove that iy € Sj.

As oy (@) < Ti(x) forall w € [g, ], we have iy & I;.
If i1y € I ; \ I;, then (15) does not hold for z; due to (18).
Thus i; ¢ Is ;. Moreover, it is clear that i; # act(k) and
therefore, i1 € Sj.

Since i1 ¢ I> ;, we also have /; (zc) < Lace(iy(Ze). So
for all = € [x1, 2], we have £, () < Lage(s) (), then there
would exist a point x2 and an affine function ¢;, with iy #
31 and o 75 act(l;:) such that f(.rg) = Eil (372) = fi2 (.IQ)
Clearly zo # xe.

Let the index set Sy be defined as

=&\ {ir},

then similar to the proof concerning i1, we have iy € Ss.

Repeating the above procedure if necessary, and after
[ (I < M) iterations we can reach an empty index set S.
According to the discussion for the previous iterations, we
should have a point z; € [x;_1, %], ; # Z. and an index
i; € §; such that

19)

by (1) = Ly, (1),

which cannot be fulfilled as S; is empty. Therefore, we have
(16) for all x € D.

Step 2: Now we prove that there exists some base region in
which T; = f, i.e., A(T;) # 0. Considering Dy, k € A(T}),
according to (15), we have act(k) € I;, thus T; = TZF =f
in Dy, Vk € A(TY).

Therefore T; is an implicant of f. [ ]

Using Theorem 1 and 2, we can delete redundant terms
or literals in a term 7; until further deletion is impossible,
and the resulting expression is irredundant.

We have to point out that (14) is different from the row
vector simplification lemma in [11], which states that if I, C
Iy, then T}, = §reliln{£j} can be removed without affecting

k

the function value. Again looking into Example 1, we will

explain that the row vector simplification lemma in [11] is

only a sufficient condition for removing redundant terms.
Example 1 (Continued): Reconsidering Example 1, now



we can use Theorem 2 to explain why /5 can be removed
from TF without affecting the function value. As T} (x) =
min{l;(x),l3(z),la(x)} < l5(z),YVax € D7 and A(l5) =
{7}, Ty is an implicant of f and can replace T} without
affecting the function value.

An interesting phenomenon is that the prime implicant
T, = min{/;, /s, 05} can also replace T} as Ty < 44 in Dg
and A(¢4) = {6}. Hence, there may be more than one prime
implicant resulting from a given term of the full lattice PWA
representation.

Following gives a set of prime implicants for each term
in (9),

h= jellgl{hf,u}{gj}’ = jelzgl{irzl,s,s)}{gj}’

5= e 2O To= i, Vb (20)
5= ey Vb To= oy Wb

= jehzl{hf,s,s)}{gj}'

Then according to (14), if we search from 1 to N, the
redundant terms 73,7 = 1,2,4,5,6 can be removed and we
obtain an irredundant lattice PWA expression,

fL = max{min{¢o, {3, {4}, min{¢1, 5, (5} }. 1)

In fact, if we search from NN to 1, then we can remove the
redundant terms 7;,¢ = 3,4,5,6,7 and obtain the following
irredundant lattice PWA expression,

fL = max{min{¢y, {3, €4}, min{ls, {5, (5} }. (22)

From this example, we can conclude that the irredundant
lattice PWA representation are not unique.
If we apply the row vector simplification lemma of [11],
the following expression is obtained:
fr = max{min{¢y, {3, {4}, min{lo, {3, {5},

min{ly, l3, 04}, min{lq, l3, l5}}, (23)

which clearly contains more terms than (22).

IV. APPLICATION IN LINEAR EXPLICIT MPC

Consider MPC of solving a constrained regulation problem
for discrete-time linear time-invariant system at time step ¢:

Ny—1
mUin{J(U7 xy) = xtTJrNyP:UHNy + Z (2] . Quisk
k=0
(24a)
+U?+kRut+k] }
St Ymin < Ytk < Ymaxs B =1,..., Ny, (24b)
Umin < Utk < Umax, K =0,1,..., Ny, — 1,  (24¢)

Tt+k+1 = Amt-‘rkt + But-‘rk?k =0,1,.. 'aNy -1,

(24d)
Yi+k = C$t+]€, k= 1, N ,Z\fy7 (246)
Utk :K$t+k,k:Nu,...,Ny—1, (24f)

in which the optimized variable U = [uf, ..., u/ n 4]
N, and N, are the control horizon and prediction horizon
respectively, x4k, yi+k denote the predicted state and output
vector at time step ¢ + k using (24d). We assume @ = 0,
P, R > 0; K is the feedback gain of a stabilizing controller.

After solving the optimization problem (24), the optimal
U = [(u)T,..., (u;*+Ny71)T}T is obtained, and only
uy is applied to the system. The optimization problem is
subsequently reformulated and solved at the next time steps
t+1,t42,... by refreshing the given state vector x;.

It is obvious that the online optimization has to be finished
within the sample interval of the discrete-time linear time-
invariant system, which may be hard to accomplish when
the sample interval is small. Hence, explicit MPC has been
proposed in [12] to calculate an explicit expression of u; as a
function of x;. The following lemma gives the expression of
the optimal solution and the MPT toolbox [14] can give the
solution in the form of subregions and local affine functions
defined on them.

Lemma 5: [12] The control law u; = f(x4), f : D — R™
defined by the optimization problem (24) is a continuous and
PWA function of the form

flz) = Flz4g', if Alz<b,i=1,...,N, (25

where the polyhedral sets {A'z < b'},i=1,...,N form a
partition of the set of states.

In [11], a lattice PWA representation is used to represent
the resulting continuous PWA controller. In [11] the lattice
PWA expression is also simplified to give a more compact
expression. However, as pointed out in Section III above, the
irredundancy of the simplification results in [11] cannot be
guaranteed. Hence, we now give the irredundant lattice PWA
representation to simplify the explicit MPC output.

A. Simulation Example

Consider the discrete-time double integrator example in-
troduced in [17], in which the system dynamics can be
written as

1 T T?
Y = [ 01 }xka
where the sampling interval is 75 = 0.3s. Consider the MPC
problem (24) with @ = 0 8 ,
we calculate P as the solution of the discrete-time algebraic
Riccati equation and K = (R+BTPB) BT PA, ie., P =

4.7674 2.6941
96941 3.8531 and K = [0.8082 1.1559]. The system

constraints are —0.5 < yr < 0.5 and —1 < ug < 1. The
domain of z is [-2.8, 2.8] x [-0.8, 0.8].

Assume N, = N, = 10. First we use the MPT toolbox
to compute the optimal output u; as a function of z;. It is a
continuous PWA function with 137 subregions.

In each of the 137 subregions, there is a corresponding
local affine function. Among all the affine functions, there
are only 27 unique ones; hence, several subregions may share
a same local affine function. After removing redundant terms

(26)

R = 1. In this example,



and literals, only 11 terms left and the number of parameters
reduces from 2073 to 133. Hence, the original solution
calculated by the MPT toolbox can be represented by a much
more compact irredundant lattice PWA expression.

For N, = 2,6,10,14,18,20 (N, = Ny), Table I com-
pares the performance of the MPC output, the procedure
in [11] and the irredundant lattice PWA expression. In the
table, N, N[H] and Vi, are the number of parameters of
the MPT output, of the output in [11], and of the irredundant
lattice PWA representation. Also listed in Table I are the
elapsed time for evaluating the optimal solution through the
MPT toolbox, the representation in [11], and the irredundant
lattice PWA representation, denoted by 7y, T[11] and 7,
respectively.

TABLE I
COMPARISON OF PERFORMANCES OF THREE REPRESENTATIONS

Ny Nwm  Npyp No 7m(ms)  7q3(ms)  71,(ms)
2 477 87 80 1.6 0.137 0.119
6 1677 176 148 2.5 0.325 0.232
10 2073 172 133 2.7 0.327 0.199
14 2385 184 133 2.8 0.366 0.201
18 2349 184 133 4.0 0.458 0.241
20 2349 184 133 2.9 0.367 0.202

From the table, we can see that the number of parameters
used to describe a continuous PWA function is reduced
significantly when using the irredundant lattice PWA rep-
resentation, and this reduction is more evident when N, is
large. Besides, the number of parameters for the irredundant
representation is less than that in [11], which means that the
lattice PWA expression in [11] is redundant.

Moreover, for this example, the time needed for evaluating
the optimal solution through the irredundant lattice PWA
representation is less than that in MPT toolbox. It is also
noticed that the evaluating time for the irredundant lattice
PWA representation and the lattice representation in [11] are
close, which is due to that the difference of the number
of parameters of the two representations is small in this
example.

V. CONCLUSIONS

In this paper, we have proposed the irredundant lattice
PWA representation, in which no terms or literals can be
deleted. It greatly facilitates the application of the lattice
PWA representation in representing continuous PWA func-
tions. Necessary and sufficient conditions for irredundancy
have been proposed. Besides, we have also provided neces-
sary and sufficient conditions for removing redundant terms
and literals. Based on these conditions, an algorithm for
obtaining an irredundant lattice PWA expression is given. A
worked example is provided to express the explicit solution
of a linear MPC problem, the results of which show that the
number of parameters is reduced significantly.
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