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Sequential stability analysis and observer
design for distributed TS fuzzy systems

Zs. Lendek®*, R. Babuska?, B. De Schutter?

“Delft Center for Systems and Control, Delft University of Technology
Mekelweg 2, 2628 CD Delft, The Netherlands

Abstract

Many complex physical systems are the interconnection of lower-dimensional subsys-
tems. For such systems, distributed stability analysis and observer design presents
several advantages with respect to centralized approaches, such as modularity, easier
analysis and design, and reduced computational complexity. Applications include dis-
tributed process control, traffic and communication networks, and economic systems.
In this paper, we propose sequential stability analysis and observer design for dis-
tributed systems where the subsystems are represented by Takagi-Sugeno (TS) fuzzy
models. The analysis and design are done sequentially for the subsystems, allowing
for the online addition of new subsystems. The conditions are formulated as LMIs and
are therefore easy to solve. The approach is illustrated on simulation examples.

Keywords: TS fuzzy systems, distributed system, fuzzy observers, Lyapunov
stability, distributed observers.

1. Introduction

Many physical systems, such as power systems, communication networks, eco-
nomic systems, traffic networks, productions systems, and water logistics are com-
posed of interconnections of lower-dimensional subsystems. Recently, decentralized
analysis and control design for such systems has received much attention [1, 2, 3, 4, 5,
6]. Although in many cases the performance of the centralized design is superior [7]
to that of decentralized design, there are many reasons to use a decentralized approach.
For control purposes, the decentralized design presents several advantages: flexibil-
ity, fault tolerance, and simplified design and tuning. In addition, in many cases, the
structure of the overall system is not fixed, i.e., subsystems may be added or removed
online, and therefore a centralized analysis and/or design becomes computationally
intractable.

A large class of nonlinear systems can be represented by Takagi-Sugeno (TS) fuzzy
models [8], which in theory can approximate a general nonlinear system to an arbitrary
degree of accuracy [9]. The TS fuzzy model consists of a fuzzy rule base. The rule
antecedents partition a given subspace of the model variables into fuzzy regions, while
the consequent of each rule is usually a linear or affine model, valid locally in the
corresponding region.
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For a centralized fuzzy model, well-established methods and algorithms exist to
analyze the stability or to design fuzzy observers. Several types of observers have
been developed for continuous-time TS fuzzy systems, among which: fuzzy Thau-
Luenberger observers [10, 11], reduced-order observers [12, 13], and sliding-mode
observers [14]. Most of the stability and design conditions rely on the feasibility of an
associated system of linear matrix inequalities (LMIs).

Decentralized control and estimation has received much attention [15, 16, 17, 3,
18, 5, 4, 19, 20, 21, 22, 23, 24, 25] in the context of large-scale processes and dis-
tributed systems. Recently, also stability analysis and decentralized control design for
distributed TS systems have been studied [26, 27, 28, 29, 18, 30, 31, 32, 5, 33]. How-
ever, results for state estimation in distributed TS fuzzy systems are scarce. Although
approaches for distributed stabilization and control [26, 27, 32] employ observers in
order to estimate the states that are not directly available, these approaches [26, 32, 5]
assume that the measurements of each subsystem refer only to the states of the consid-
ered subsystem. Moreover, if only the monitoring of a process that is not asymptoti-
cally stable is required, an observer is necessary, without a control law. The observer
design in itself represents several challenges: the scheduling vector may depend on the
states to be estimated; for distributed systems that are not stabilized, the interconnec-
tion terms may never converge to zero and estimated states have to be communicated;
and by introducing a new subsystem into the system, the measurement matrices may
change.

In this paper we consider the distributed stability analysis and observer design for
a system composed of interconnected subsystems. Each subsystem is represented by a
TS fuzzy model. The coupling between the subsystems is realized through their states,
i.e., the states of a subsystem may influence the dynamics of another subsystem.

While in centralized stability analysis of TS fuzzy systems several types of Lya-
punov functions have been employed, stability analysis of distributed TS systems mainly
relies on the existence of a common quadratic Lyapunov function for each subsystem.
Most results make use of the assumption that the number of subsystems and some
bounds on the interconnection terms are known a priori, and the analysis of the subsys-
tems is performed in parallel. For instance, an early result that relies on the existence
of an M-matrix! or positive definite matrices has been formulated in [16, 34]. In these
approaches, LMI conditions are solved in parallel to establish the stability of the in-
dividual subsystems, and afterward the stability of the whole system is verified. For
hybrid linear-fuzzy systems, a method to establish the stability of the distributed system
has been proposed in [31].

An approach for distributed TS systems with affine consequents, based on piece-
wise Lyapunov functions has been developed in [5]. This approach is an extension
of the result in [35] to distributed TS systems, but only linear interconnection terms
among the subsystems are considered. Moreover, the analysis itself, although it con-
cerns distributed systems, is not distributed, as it has to be performed at the same time
in parallel for all the subsystems.

One particular type of TS systems that have been extensively investigated both in
stability analysis and in (robust) control are uncertain TS fuzzy systems. For stability
analysis of uncertain distributed TS systems, a result has been formulated in [2]. How-
ever, using this approach, in order to establish the stability of a distributed system, the

A square matrix M is an M-matrix if the off-diagonal elements are all negative and all the eigenvalues
of M have non-negative real part.



conditions have to be verified for all the subsystems at the same time, in parallel.

In all the references above it is assumed that the structure of the system is fixed,
i.e., subsystems can no longer be added to it. In these results, the stability of the whole
system is established by verifying the subsystems in parallel. In this paper, we propose
a method for the sequential stability analysis of distributed TS systems, that can handle
the analysis of distributed TS models to which subsystems are added on-line.

We also consider the observer design for such TS systems. The results in the liter-
ature concerning stability analysis of distributed TS systems can be directly extended
for observer design under the assumptions that 1) the scheduling vector depends only
on measured variables and 2) the estimated states are communicated between the sub-
systems that influence each other. For observer design, the general approach is that first
one constructs a set of observers for the independent subsystems. Afterward, one either
incorporates an appropriate compensation to account for the influence of other subsys-
tems or determines conditions under which the collection of the individual observers is
a valid observer for the distributed system. In general, it is assumed that the measured
or estimated variables are communicated between the subsystems that directly influ-
ence each other. However, the extension of the results regarding stability analysis of
distributed TS systems to observer design has not been reported in the literature.

Parallel observer-based control design [36, 37, 38, 39, 40, 33] has been consid-
ered in several settings, such as tracking control [33], adaptive control [37, 39, 40],
robust control [36, 37, 41], control in the presence of time delay [38, 41, 42], and their
combinations. However, in all these results, the observer and the controller have to be
designed simultaneously. Without a stabilizing state-feedback controller, the conver-
gence to zero of the estimation error cannot be guaranteed.

The contribution of this paper is twofold: first, we consider stability analysis and
second, observer design for distributed nonlinear systems represented by TS fuzzy
models. For stability analysis, our basic assumption is that a stable subsystem exists.
To this system, new subsystems are added online, one-by-one, so that the distributed
system grows in time. Each subsystem is represented by a TS fuzzy model and each
individual subsystem (i.e., without the interconnection terms) is stable. This assump-
tion is commonly adopted in the literature. The coupling between the subsystems is
realized through their states. These assumptions are valid for several distributed sys-
tems, e.g., traffic networks, electrical networks, water networks. For such systems, a
centralized re-analysis or imposing certain constraints from the very first moment on
the number of subsystems to be added is impracticable. The new subsystem and the ac-
tual influence of the interconnection terms due to the addition of a new subsystem only
becomes known when the subsystem is actually added. Therefore, in our approach, the
stability analysis is performed sequentially, as the subsystems are added, and we derive
conditions that should be satisfied by the newly added subsystem or the interconnection
terms in order for the whole system to be stable.

Second, the approach is then extended to observer design. We assume that a fuzzy
observer is already designed for an existing subsystem or collection of subsystems.
When a new subsystem is added, together with the interconnection terms, which may
affect the states and/or measurements, a new observer is designed for this subsystem
only, such that this new observer, combined with the existing ones, guarantees the
convergence of the estimation error for the whole system to zero.

The structure of the paper is as follows. Section 2 reviews some results for cascaded
fuzzy systems, that are used as starting point for the results presented in this paper.
Section 3 proposes the sequential stability conditions for distributed TS fuzzy systems.
The proposed observer design for is presented in Section 4. Examples are given in



Section 5. Finally, Section 6 concludes the paper.

2. Preliminaries

We consider a distributed system, composed of a number of subsystems, and each
subsystem being represented by a TS fuzzy model. The subsystems are coupled through
their states and/or measurements, i.e., the states of one subsystem may influence the
dynamics and/or measurements of other subsystems.

For the ease of the notation and without loss of generality, only two subsystems are
considered here. Note however, that the procedure can be applied sequentially, if more
subsystems are added.

In this paper, we address in Section 3 the stability analysis of autonomous fuzzy
system expressed as:

i=1
where A;,i =1, 2, ..., mrepresent the local linear models, w;(z) is the correspond-

ing normalized membership function, and 2z a vector of scheduling variables, that may
depend on the inputs, outputs, states of the system, or other (measured) exogenous
variables. We also consider in Section 4 the design of observers of the form

@)

for fuzzy systems

m 3)
Yy = Z wi(z)Cia:
i=1

Stability and design conditions for TS fuzzy systems generally depend on the fea-
sibility of an associated LMI problem [11, 14, 12, 43]. These conditions are usually
conservative, but the conservativeness may be reduced for cascaded systems. Our re-
sults start from existing stability conditions for cascaded TS systems, and therefore
some of the relevant conditions for this class of systems are reviewed below. Through-
out the paper it is assumed that the membership functions are normalized, I denotes
the identity matrix of the appropriate dimension, 7{(A) denotes the Hermitian of the
matrix A, i.e., H(A) = A + AT, ||.|| denotes the Euclidean norm for vectors and the
induced norm for matrices.

Cascaded TS systems represent a special case of distributed TS systems. For cas-
caded systems, conditions ensuring their stability and results for observer design have
been reported in [44]. These results represent a starting point for the research presented
in this paper and they are therefore summarized in the remainder of this section.



2.1. Stability of Cascaded TS Systems
System (1) is cascaded, if the system matrices of the model (1) for each rule ¢ =

1, 2, ..., m can be written as:
Ay, O
A; = ! 4
(Azu AQi) X

For such systems, the following stability condition [45] has been formulated:

Theorem 1. System (1), with the system matrices of the form (4) is globally exponen-
tially stable if there exist Py = PL >0, P, = P > 0,Q: = QT >0,Q: = QT >0
sothatforall: =1, 2, ..., m, the following LMIs hold:

H(PlAh) < —2@1

5
H(PQAQJ < —2@2 ( )

Another condition that is used in this paper is one referring to systems subjected to
vanishing disturbances. Consider the following perturbed fuzzy system:

m

= wi(z)Ax + f(t,z) (6)

i=1

and the common assumption that f is Lipschitz in x, i.e., there exists y > 0 so that
|f(t,x)|| < wpl|lx|, for all ¢ and . With these assumptions, a sufficient stability
condition can be formalized by the following theorem [46].

Theorem 2. System (6) is exponentially stable if there exist matrices P = PT > 0,
Q = QT > 0, so that the following LMIs hold:

Q— p? P)
( po1)7"° (7)

H(PA) < -Q i=1,2...m

2.2. Observer Design for Cascaded Fuzzy Systems

If the system (3) is cascaded, i.e., the system matrices A; and Cy, i =1, 2, ..., m
are in cascaded form, observers can be designed individually for each subsystem and
Ly O here i

0 Ln)’ where
denotes the rule number. Then, the dynamics of the error e = & = Z can be formulated

each rule, with the overall observer gain having the form L; = (

as
m m
e=> Y wiZ)w;(2)(Ai — LiCjle + A )
i=1 j=1
with A = Y7 (w;(2) — w;(2))(A;x + Byu) and A; — L;C; also having a cascaded
form. If the scheduling vector z does not depend on the states to be estimated, then

A = 0 and Theorem 1 can be applied directly. Otherwise, using Theorem 2, the
following result has been formulated [44]:



Theorem 3. The cascaded error system (8) is asymptotically stable, if there exist P; =
PlT > 0, P, = PQT >0,Q =QT >0, © > 0 and two continuous functions
01, 05 : RT — R such that:

H(Pl(Ah; — LliC’lj)) < —Q Vi, j: dz: wZ(E)w](E) 7é 0

[(wi(2) — wi(2))(A1@1 + Bryu)|| < plles]]  Vz, z

H(PQ(A% — LQiCU)) <0 Vi, ] : dz: w,(E)wJ(E) 7é 0
[(wi(2) —w;i(Z))(A21,21 + Ag;x2 + Boju)|| < 01(]ler]]) + 02(

lexl])l]ez]l

Although the above conditions are not LMIs, they can easily be formulated as
LMIs, using the change of variables M; = P~ 'L;,i=1,2, ..., m.

Note that Theorems 1 and 3 are valid only for cascaded systems. In what follows,
we use these theorems as a starting point for distributed systems, i.e., systems in which
the influence between the subsystems is in both directions.

3. Sequential Stability Analysis of Coupled Fuzzy Systems

In this section, we propose conditions to establish the stability of a TS system as
subsystems are added sequentially to it. We also formulate these conditions as an LMI
problem, which is easy to solve.

Consider a distributed system, with each subsystem being represented by a TS
fuzzy model, where the influence of the subsystems is in both directions, i.e., a subsys-
tem influences other subsystems and vice-versa, it is influenced by other subsystems.
The subsystems are coupled through their states. The structure of the system is not
fixed, i.e., new subsystems can be added online. In such a case, a centralized re-analysis
of the stability of the whole system each time a new subsystem is added or removed, in
general involves large computational costs and may easily become intractable. There-
fore, we consider sequential analysis, based on the (already established) stability of
the existing system, on the newly added subsystem, and on the interconnection terms
introduced by the new subsystem. For the ease of notation and without loss of gener-
ality, only two subsystems are considered in this paper. However, the procedure can be
applied sequentially for more subsystems.

In order to illustrate the main idea of our approach, consider the following example.

Example 1. Consider a TS system consisting of 2 subsystems
2
T = Z w; (z)Aix
i=1

A Anz
Ao Az
on the membership functions (except that they are normalized), one can use a common

with the local matrices given as A; = ( ) for rule 7. With no assumption

Lyapunov matrix (ZSI 12 ) , leading to the well-known conditions for stability
2

( P A+ AlTipl P A + AQTUP2> <0 )

PQAQli —+ A?%Pl P2A2i + A%;P2



Ry My
M{; Ry,
the interconnection terms Ajs;, Aoq; are known, and we know that no further subsys-
tems will be added to this system, then the approaches from the references [28, 29, 33]
are suitable. Note that the common consequence of these approaches is that each sub-
system is robustly stable so that the “perturbation” of the other subsystems does not
influence its stability.

Assume now that the subsystems are added online, but it is not known how many
subsystems will be added or how strong the introduced interconnection terms will be.
Suppose that at a certain moment only the subsystem with matrices Ao; exists, and we
know that it is stable, i.e., there exists P, such that Ry; < Ro < 0, with Ry a symmetric
matrix. The subsystem with matrices A; and interconnection terms Ajo; and Asy; is
added online, with no prior knowledge on these terms.

The basis of our approach is to use the Schur complement, and rewrite (9) as

In short, let us denote the above inequality by ( ) < 0. If at least bounds on

Ry <0
Ry — MLR;'My; <0

and solve it in two steps, thereby establishing sequentially the stability of the system. [J

Consider now a more general TS system. Assume that there exists a subsystem
described as
m}
by = 3 wh(35) (A2) (10
i=1
At a certain moment in time, another subsystem is connected to this system, with the
dynamics given by

my
£ =Y wii(21)(Aumy + Ar2ims) (an
i=1
Due to the connection from this new subsystem to the existing one, the dynamics of
the model of the existing subsystem change to

Ty = szi(zz)(A%mQ + Az1in) (12)

i=1

i.e., in general both the membership functions and the local matrices change. In this
paper, we only consider the case when the membership functions change, assuming
that the local matrices remain the same, i.e., {A%;]i = 1,2, ..., mh} = {Aq]i =
1,2, ..., ma}. Such an assumption holds for distributed systems in which the ad-
dition of a new subsystem does not influence the individual dynamics of the existing
subsystems, but instead can be considered as a new input acting on the system. Dis-
tributed systems for which this assumption holds are e.g., material flow systems, traffic
networks, water logistics, production systems, etc.

The assumption can be formulated as follows:

Assumption 1: The local state matrices of the existing subsystem do not change
by the addition of the new subsystem.

Note that the interconnection terms are not known before the new subsystem is
added, nor are the local matrices of the new subsystem. The restrictiveness of this as-
sumption largely depends on how the fuzzy model is obtained from a nonlinear model.



For instance, consider the original system (10). If, after adding the new subsystem, its
dynamics change to

Ty = ng(zl)(Aziwz) + Az, x2)x
i=1

with A a smooth nonlinear matrix function that may depend on both x; and x5, then
using the sector nonlinearity approach, the local models of the original subsystem
will remain the same (in fact they are repeated in several rules), although the mem-
bership functions will change. The interconnection term being A(x;,xs)x;, using
the sector nonlinearity approach, it can be exactly represented as A (xy,x2)x; =
iy hi(zn)(A21i21), with z,, depending on @1 and @3, and h; being normalized
membership functions. Exploiting the fact that the membership functions w} are also
normalized, one has:

Zw )(Azixa) + Az, T2) T

= Z w;(2')(Agixa) + Z hi(zn)(A21i1)

/
m

= Z w; (Z/) Z hj (zn)(A2i$2 + Agljwl)

j=1

— Z Zw i(zn)(Agia + Agyj)

’Lljl

= Z w;(2) (A2 + A21521)

When the new subsystem is added, and Assumption 1 is satisfied, the whole system,
i.e., the subsystem added (with states 1), the existing subsystem (with states ) and
the interconnection terms are expressed together as:

Z w;(2)(Ariz1 + A12;@2)
(13)
Z w;(z)(Azize + A21i1)

The structure of system (13) is presented in Figure 1.
For such a system, we have formulated the following stability conditions [47]:

Theorem 4. The system (13) is asymptotically stable, if there exist P, = P > 0,
Po=Pf>0,0Q =QT >0,Q: =QF > 0, so that
H(PlAli) <-=-2Qp i=1,2,....,m
H(PoAz) < —2Q2 i=1,2,...,m
Amin(Q1) > max (| Pr A2
Amin(H(P1 A1 + Q1) max; || A3, P
max; || Py Aol Amin(Q2) Amin (H(P2A2; + Q2)




S1
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X,
S2 g
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Figure 1: Two subsystems coupled through their states.

where Apin(.) is the eigenvalue with the smallest absolute magnitude.

For the completeness of the paper and since results in the following sections make
use of steps of the proof of this theorem, we also repeat here the proof.

Proof: Consider first the following part of the system (13):

£ =Y wi(z)(Anz)

i (14)
Ty = Z w;(2) (A2 + A21521)

i=1

This is a cascaded system. According to Theorem 1, this system is exponentially
stable, if there exist P, = P{ >0, P, = P > 0,0, = Q¥ > 0,0, =Q% > 0s0
that

H(PlAli) < —2@1 1=1,2,...,m
H(PA%) < —2Q i=1,2,....m

In order to make the step from the stable cascaded system to the analysis of the dis-
tributed system, a Lyapunov function is needed. One way of constructing the Lyapunov
function using P; and P is by considering the function V, = a:Tdiag(apl, Py)x.
The advantage of this choice is that it allows one to determine o € R so that
V. < =227 Qz, with Q = diag(aQ1, Q-2):

o - ) T OéH(PlAli) AgliPQ
VC—;wz(z)w ( Py Az H(PyAsz;) ¥

5)

Then, VC < =227 Qux, if

(aH(PlA]_Z‘) AQl;rpz ) <92 <OéQ1 0 )
PyAsi  H(PAy) 0 Q2

or

(OfH(PlAli + Q1) A211TP2 ) <0
Py Aoy H(PrA2 + Q2)

Using the Schur complement, we have

O/H(PlAu + Q1) — (Aglipz)(H(PgAzi + Q2))_1P2A21i <0



which is true if « is chosen such that

. T . 2
. 1 ) max; ||A211P2H (16)
Amin(H(PrA1L + Q1)) Amin(H(P2A2i + Q2))

where A\pnin(.) denotes the eigenvalue with the smallest absolute magnitude. Now, con-
sider the full system (13). By using the above constructed V. as a candidate Lyapunov
function for (13), we obtain:

- m | ’ O/H(PlAM) AleiPQ 0 aPy Ao
Ve= ;wl(z)ac K Py Aoy H(PyAs;) * aAfy Py 0 K

< —227 (an ) ) @ + 2x" amax || Py Ay I
0 Q2 ¢

o1 (@1 — max; [P A1) 0
< ( 0 Q2 — amax; || Py Ay *

which leads to the conditions

Amin (@Q1) > max; || P A12:]| (17)
Amin(Q2) > amax; || Py Ay (18)

Combining (16) and (18), we get that such an « exists, and V,, is a Lyapunov function
for the whole system if

Amin(QQ) > max; ||A511P2||2
max; [|[PrAi2] = Amin(H(PrA1 + Q1)) Amin (H(P2A2 + Q2))

or

Amin(H(P1 A1 + Q1)) S max; || A3, P
max; || Pr Al Amin (@2) Amin (H (P2 A2i + Q2))
Remark: If Aj5; = 0,foralli =1,2, ..., mor As;; =0, foralli =1,2,...,m,

then based on Theorem 1, the system (13) is stable if the individual subsystems are
stable, and the last two conditions are not required.

Note that the conditions of Theorem 4 are not LMIs. In order to solve them we
consider a two-step procedure presented in the following algorithm, which allows the
conditions to be formulated as LMIs:

Algorithm 1:

1. The existing system,
dfg = Z w; (Z)Ain
i=1

is already proven to be stable using a quadratic Lyapunov function and therefore
P, and Q2 such that H(P,As;) < —2(@Q)2 have been computed. Thanks to this,
when adding the new subsystem, with the interconnection terms, the value of

_ max; ||A2T11‘P2||2
Amin (Q2) Amin (H (P2 A2 + Q2))

gl

can be computed.

10



2. Now, for the added subsystem and the corresponding interconnection terms we
have the conditions:

H(PLAL) < —2Q, i=1,2,...,m
Amin(Q1) > max | Pr A2

Amin (H(P1 A1 + Q1)) > ymax | P1 Aol

which are satisfied if the LMIs
/H(PlAli + Ql) <=2KI i=1,2,...,m

Q1 > tal
tQI max; ||A12HP1
‘ ' >0 19)
(max,; HA121||P1 tQI
tll y max; ||A121||P1 >0
Y max; ||A121||P1 tlj

are feasible.

Moreover, if one takes into consideration that new subsystems will be added to
the whole system (13), the analysis of the new subsystems can be facilitated by
minimizing the expression:

[Ratls
)\min(Ql))\min (H(PlAli + Ql))
which will in turn minimize the bound y computed for the system (13).

This can be achieved by solving the LMI-based convex problem: find P, =
PL >0, Q1 = QT > 0, and maximize t1, to, t3 subject to (19) and

Py <t3l

A shortcoming of the approach at this point is that although the stability analysis

OéPl 0 .
0 P2> is used as a

Lyapunov function, all that is known is that VC < 0. With a similar reasoning, when
the next subsystem is added, it is required that 1, < 22T Qx, for some Q = QT > 0.
To obtain such a @), consider the derivative of V.. We have:

of the second subsystem has been performed, and V., = (

y o7 (@1 — max; || P A1z |]) 0
V. < —2x ( 0 Qo — amax; [Py A1)
By imposing that
(Q(Ql —max; || P1A12||]) 0 ) >3 (QQI 0 )
0 Q2 — amax; || Py AT 0 @

for some arbitrary 8 € (0, 1), the following conditions are obtained:
Q1 — m?XHP1A12z’HI > BQ1
Q2 — amax [P A12:][1 > BQ2

11



ie.,
(1= p3)Q1 > max || Py Ay |1
' (20)
(]. — /B)QQ > am?x ||P1A122HI
Combining (20) and the conditions of Theorem 4, we obtain that:

T OéPl
0
for an arbitrary 8 € (0, 1) if:

Corollary 1. V =« P9 ) x is a Lyapunov function for (13) and V< —22T8 <a821
2

H(PlAlz) < _2Q1 = 17 27 R 1
,H(PQA%) <=2Q2 i=1,2,...,m

(1= B)Amin(Q1) = max [ Py Ao (21)
Amin (H(P1A1 + Q1) max; || A7}, P
max; || P1 A1 (1 — B)Amin (Q2) Amin (H(P2A2; + Q2)
O

Recall, that we assumed that the interconnection terms or bounds on them are not
known before adding a new subsystem. However, if ¢;, = max;; || Ai;||, i-e., a bound
on the interconnection terms is known beforehand, the analysis of the subsystems can
be decoupled and the following result can be stated:

Theorem 5. Given ¢; = max; ||A12;|| and c2 = max; || As1;|, the distributed system
(13) is exponentially stable, if there exist P, = P > 0, P, = P > 0,Q, = QT >0,
Q2 = QT > 0, so that

H(PAL) < —2Q1 i=1,2,....,m
H(PQAQl) < 72@2 1= 1, 2, ., m
min(H(PlAli + Ql)) > )\min(Ql)

)>A )

min(Ql) > CIHPIH

A

Amin (H(P2A2; + Q2)) > Amin(Q2
A

Amin(@2) > 02||P2||

where Apin(.) is the eigenvalue with the smallest absolute magnitude.
Proof: Consider the last condition of Theorem 4:

Amin(H(P1 A + Q1)) < max; || A3, Pa|? ie
max; || P Ajz]| Amin (Q2) Amin (H(P2A2; + Q2))

Amin(H(P1A1 + Q1)) Amin (Q2) Amin (H(P2A2; + Q2)) > max HP1A12¢HH1?X |AZ,; Pal?

The third condition of Theorem 4 already states that
Amin(Q1) > max || P1 A1 (22)
If Q)< is similarly restricted, i.e., the condition

Amin(Q2) > max | PoAais| (23)
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is imposed, then the last condition of Theorem 4 becomes

Amin (H(P1 A1 + Q1)) Amin (Q2) Amin (H(PaAzi + Q2)) > Amin(Q1)A2:,(Q2)
Amin(H(P1A1i + Q1)) Amin (H (P Az + Q2)) > Amin (Q1) Amin(Q2)
which is satisfied if
Amin(H(P1A1 + Q1)) > Amin(Q1)
Amin (H(P2Az; + Q2)) > Amin(Q2)

However, since only the bounds on the interconnection terms c¢; and co are known,
instead of (22) and (23) we have to use

)\min Z c1|| P,
@) = Pyl o
)\min(QQ) > CQHPQH
Together with the restrictions on (1 and ()2, and (24), we obtain the conditions
expressed in Theorem 5. (]

Note that the conditions of Theorem 5 are similar to those reported in [28] and [29].
The decoupled analysis has the advantages that 1) the analysis of the subsystems can be
performed in parallel and 2) each subsystem has to dominate one interconnection term,
which approach is less conservative when the strength of the interconnection terms is
approximately the same and both are weak. However, this result can only be obtained
if bounds on the interconnection terms that are introduced to the system by the addition
of a new subsystem are known beforehand. This condition is not needed for Theorem 4,
as, thanks to the sequential analysis, the interconnection terms only need to be known
when the subsystem that introduces them is analyzed.

Theorem 5, similarly to current results for stability analysis and stabilization of
fuzzy large scale systems [26, 28, 29, 43, 33] is comparable to perturbation methods
with weak coupling (see [15] and the references therein). In fact, the assumption that
the coupling is “weak enough”, compared to the dynamics of the individual subsystems
is necessary for the controller (or the analysis) to be decoupled.

In contrast, Theorem 4 and the resulting Algorithm 1, is comparable to methods
developed for strong coupling, i.e., only one of the subsystems has to converge quickly
enough so that stability is preserved. This approach can also be thought of as an asym-
metrical weak coupling, i.e., only one of the influences has to be weak enough for
stability to be preserved.

4. Sequential Observer Design

This section extends the sequential approach to observer design for TS fuzzy sys-
tems.

4.1. Preliminaries

Again, consider a distributed system where each subsystem is represented by a TS
fuzzy model. New subsystems will be added online, one-by-one, and our goal is to
design an asymptotically stable observer for the whole system. Since the subsystems
are added one-by-one, we consider sequential design, where an observer is designed
whenever a new subsystem is added, in such a way that the overall observer is stable,
but without modifying the already existing observers,

13



In this paper we assume that the estimated states of the subsystems are available to
all other subsystems that are interconnected with it. However, we do not assume that
the subsystems are stabilized.

For the ease of notation and without loss of generality, only two subsystems are
considered. The observer structure is depicted in Figure 2.

N R -’,‘}1
o1 >
u
2,
Y. 02
>

Figure 2: Distributed observer for two subsystems.

The fuzzy system considered consists of two subsystems:
m
T = Zwi(z)(Aliml + Biiu + Ajzis)
i=1

Y1 = sz‘(z)(cmml + Cr2iz2)
i=1

(25)
m
Ty = Zwi(z)(Aziw2 + Baju + Asyiq)
i=1
Yy = Zwi<z)(c22i$2 + Ca1iz1)
i=1
and the observer is of the form:
T = Z w;(2)(A1@1 + Briu + A12:%2 + L1i(y, — Y1)
i=1
Yy, = Zwi(/z\)(cluﬁl + Ch2;@2)
i=1
(26)
Ty = Z w;(2) (A2 @2 + Baju + A21;@1 + Lai (Yo — Ys))
i=1
Yy = Z w;(2)(Ca2iT2 + Co1, 1)
i=1
The goal is to design the observer gains L1;, 7 = 1, 2, ..., m for each rule of the

subsystem with states x; so that (26) is a stable observer, given that the gains Lo;,

14



i =1, 2, ..., m have already been designed such that the observer

m

Ty = Z w;(Z)(A2iT2 + Baju + L2i(ys — Yo))
i=1
m
Uo = > wi(2)Canis
i=1
is stable for the subsystem without the interconnection terms:

ig = Z wi(z)(Agia:g —+ BQ»LU)
i=1

m

Yo = Z wi(z)022i$2
i=1

The system structure considered exhibits coupling in both states and measurements.
Such a system is presented in Figure 3. Two cases are distinguished, according to
whether or not the scheduling vector depends on some of the states to be estimated.

X ,
X,
S1 1 > c1 N
u ><
X, | Cc2 Y,
S2 g

o

Figure 3: Two subsystems coupled through their states and measurements.

4.2. State-independent scheduling vector

In this section, we consider the case when the scheduling vector does not depend
on states to be estimated. For this case, we first propose non-LMI conditions for the
stability of the dynamics of the global estimation error, from which we derive LMI
conditions. We finally show that if a bound on the interconnection terms is known
beforehand, a decoupled observer design can be performed, similar to those in the
literature.

15



4.2.1. Distributed observer design

If the scheduling vector does not depend on the states to be estimated, the error
systems can be expressed as:

Z Z w;(z z)[Arier + Aizea — L1;C1 €]

11]1

€y1 = § wz Clz

(27)
Z Z w;i(z)wj(z)[Aziez + Asiie1 — La;Caje€]
=1 j=1
€y2 = Z wz CQz
where C1; = [C11; Chai] and Cy; = [Ca1; Cagil, or
- Ay — L1;Cry A — L1iChgj
= 28
; g <A211 — Ly;Co1; Az — LgiCoyj € (28)
Note that since L1;, ¢ = 1, 2, ..., m have to be designed, a simple special case

is when there exist P, = PJ" > 0 and Ly;, so that H(Py(Ay; — L;Ci15)) < 0 and
Ay — L1;Ci25 = 0Vi, j: Jz: wi(z)w;(z) # 0. In this case the error system
(28) is cascaded, and further restrictions are not necessary, and the stability conditions
can be summarized as:

Corollary 2. The error system (28) is asymptotically stable if there exist P; = P{' >
0,P2 = P2T > O’Llis Lgi,i = 1, 2, ey msothatVi, j : dz: wz(z)wj(z) 7& 0
H(Pl(Ah — LMC’Hj)) <0
H(PQ(AQZ — Lgicgzj)) <0
Aq2i — L1;C12; =0

Proof: This follows directly from Theorem 3, applied for the case when z = z.

Note that the third condition of Corollary 2 is more likely to be satisfied if the
measurement matrix is common for the rules of a subsystem and the coupling is present
only in measurements. However, in general this is not the case and it is not possible to
find such L;;. Therefore, the results from Section 3 can be appropriately modified:

Corollary 3. The error system (28) is exponentially stable, if there exist Li;, Lo;,
i=1,2...,mP =P >0,P,=P]>0,0Q =Q >0,Q;=0QF >0,50

that
/H(PlGlij) < —2Q1 Vi, J: dz: wi(z)wj(z) 7é 0
H(P2Gaij) < —2Q2 Vi, j: Jz: wi(z)wi(z) #0
Amin(Q1) = Hll_Ele | PLG12i5]|
Amin (H (PG + Q1)) max;; || PGy ||”
max;; || P1 G124 Amin (Q2) Amin (H(P2G2i5 + Q2))
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where G1;; = Au L1;Ch1j, Goij = Az — L2iCasj, Gi2ij = A12; — L1;C12;, and

G 214j A211 - C
Proof “This follows dlrectly from Theorem 4 applied to the error dynamics (28).

Remark: In order to facilitate the design of observer for the next subsystem, the
conditions of Corollary 1 can be appropriately modified.

4.2.2. LMI conditions
Note that Corollary 3 leads to a sequential implementation, similar to Algorithm 1.
Once a stable observer is designed for the subsystem

Z wz A27,$2 + BQz )

E wz C22ﬂ32

the matrices P, (2, and the gains Lo;, 7 = 1, 2, ..., m are known, and therefore, G;;
can be computed. After adding the interconnection terms, G145, ¢ = 1,2, ..., m,
3 =1,2, ..., malso the ratio

max;; || PaGouij ||*
m1n(Q2) 1’1’1111( (P2G2ij + Q2))

can be computed. The conditions of Corollary 3 are then reduced to: find Lo;, ¢ =
L2 ...,m P =P'>0Q =QF >0,sothatfori = 1,2,...,m, j =
1,2,...,m

v =

H(PlGuj) < —2Q1
Amin(Q1) > max [ P1 G|

Amin(H(P1G1ij + Q1)) > ymax | P1G12i;|
which is satisfied if

H(PlGuj -+ Ql) <0
Q1> I%?X |Pr G2 || I

H(P1G1ij + Q1) < —7%?X|‘P1G12ij|u

The above conditions are satisfied if the following LMI is feasible, with the change of
variables M; = Py Lq;: find Ly;, i = 1,2, ..., m, P, = PlT > 0, Ql = Q{ > 0,
t1 >0,t0 >0, M;,e=1,2, ..., m,sothatfori=1,2,....m,j=1,2, ..., m
H(PlAli — MiCM + Ql) < —t11
Q1 > tol

( tal PiA2; — M;Coy <0
(P1A12i — M;Coq;)T tol

t 1 PiyAiz; — MiyCayj -0
(P1yAi2; — MiyCoj)T til

The observer design for the newly added subsystem can be summarized as:
Algorithm 2:

17



1. For the existing observer of the subsystem
Ty = Z w;(2)(Az;x2 + Baju)
i=1

m
Yo = > wi(2)Canis
i=1

compute
[P

Amin(QQ)Amin(,]{(132(;’2ij + QZ))

2. When the new subsystem and corresponding interconnection terms are added,
compute 7 = ymax;; ||Ga14;]%>. To design the observer for this subsystem,

=2l

solve the LMI problem: find Lo;, i = 1,2, ..., m, P, = PL > 0, Q; =
QT >0,t1 >0,to >0, M;,i =1,2, ..., m,sothatfori = 1,2,..., m,
17=1,2,...,m

H(P1Ay — M;Cri + Q1) < —t1]

Q1> tal
tol Py Aoy — M;Coyj -0
(P1A12; — M;Co1;)T 1294
( til PiyAig; — Mi’VC21j> -0
(P1yAi2; — MiyCoj)T il

4.2.3. Decoupled observer design

Note that above algorithm is useful if no bound on the interconnection terms is
known before the subsystem is added. If a bound on Ajs;, A21s, Co14, Cr2is & =
1, 2, ..., m is known beforehand, observers can be designed independently for the
subsystems, by analyzing the last condition of Corollary 3. Although the following
manipulations introduce further conservativeness, the design is decoupled, and LMI
conditions are obtained. The result can be stated as follows:

Corollary 4. The error system (28) is exponentially stable, if there exist Lg;, i =
L2, ...,miji=12....mP, =P >0Q,=QF >0sothatVi, j: Jz:
wi(z)w;(z) # 0
H(PuGrij) < —2Qk
Amin(Qr) > max | PeThess ||

Amin(H(PyGri; + Qr)) > max (| P T |

(29)

where Gij = Aki — LiiCrj, Thij = Arpi — LiiClp; is the interconnection term that
influences the subsystem k and Ly;, i = 1, 2, ..., m are the observer gains of the kth
subsystem.

Proof: In order to obtain similar conditions for all the subsystems, let us impose

Amin(Q2) > max [ P2G2144 |

18



Then, the last condition of Corollary 3 becomes
max;; || P2Goiy* maxi; || P2Gouyj|
Amin (Q@2) Amin (H(P2G2i5 + Q2)) ~ Amin(H(P2G2ij + Q2))

an expression that is similar to that of the reciprocal of the first part of the fourth
condition of the corollary, i.e.,

Amin (H(P1G1ij + Q1))
max;; || P1 G2

By imposing for both subsystems

Amin(r}'[(F)kC:kij + Qk))

>1
max;; || PxThij |

where T};; is the interconnection term influencing the subsystem k, Ty;; = Appi —
L;iCrpj, k = 1,2, the conditions are decoupled. Summarizing, we have the condi-

tions:
H(Pka]) < —2Q

)\min(Qk:) Z miaX HP]CT’CW”
Anlin(H(Pkaij + Qk)) > IHZ?,X ||Pka1]||
O

Note that the conditions of Corollary 4 are not LMIs. However, an LMI problem
may be formulated, which, when satisfied, also satisfies the conditions of Corollary 4,
as follows:

Theorem 6. The error system (28) is exponentially stable, if there exist My;, ¢ =
1,2, ...,m Py=P >0,Q5=Qf.t1 >0,ta >0, tgpy > 0, tgm > 0, so that
Vi, j: Jz: wi(z)wi(z) #0

tem! < Qp < tim!

H(PpGrij + Qi) < —tpml

tkm! > Qra + Qre

Qra > t1l

Qre > tal (30)

1l parPr
>0
<MAkPk il )=

1274 porMi;
>0
(MClez; 1294 -

Proof: Let
Amin(H(PrGrij + Qk)) > Amin(Qk)
and tpml < Qr < tgm!. Then, the conditions (29) are satisfied if
tem! < Qp < tim!
H(PeGrij + Qr) < —tem! 3D
teml > r%?x|\Pkaij||
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Recall that the interconnection term Tj;; is in fact Ty;; = Agpi — LiiClpj, 1.€.,
the interconnection term in the error dynamics. However, only the bounds on the
interconnection terms in the subsystems are known, i.e., far = max,; || Agpi|| and
pok = maxpy; ||Crpill, where k is the index of the current subsystem, k = 1, 2. There-
fore, let @y, be the sum of two positive definite matrices, Qr = Qra + Qrc, which
satisfy

Qra > pakl| Pell1

Qrc > ok max | Pre Li||

The conditions above may be expressed as LMIs:

Qra > t11
Qrc > tal
1l papPy
>0
<ﬂAk-Pk tl )~

tol pokMi
>0
<MCkMIZ; tol -

where My; = Py Lg;.
Summarizing all the conditions, we obtain those of Theorem 6. These conditions
are not only decoupled, but also expressed as LMIs. O
Note however, that this result can only be used if a bound on the possible intercon-
nection term is known. Also, due to the restrictions imposed while deriving LMIs, the
conditions of Theorem 6 are more conservative than those of Corollary 3.

4.3. State-dependent scheduling vector

Consider now the case when the scheduling vector depends on the states to be
estimated. For the simplicity of the notation, only the case when the measurement
matrices are common for all the rules of a subsystem is presented. Note however, that
if the measurement matrices are different for each rule, the observers can be designed
in a similar fashion.

The error system (similarly to Section 4.2) can be expressed as:

m

€1 = Z wi(Z)[Arier + Arziez — L1:Cre] + Z(wi(z) —w;(2)) (A1 + Briu + A1z;x2)
i=1

i=1
€y1 = C’le

m

€z = Z wi(Z)[Azi€z + Azrier — LoiCae] + Z(wi(z) —w;(Z))(A2ix2 + Baju + Ag1;%1)
i=1

i=1
€y2 = Cge
(32)
or
. oy [(Ari — L1iCi o Argi — L1iChe
€= Z;wz(z) (A21i = L2iCo1 Az — L2iCo ) €
- (33)

- oy (At + Briu + Ao
+ ;(wl(z) —wi(2)) <A2iw2 + Baju + Asyixy
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In order to be able to derive LMI conditions, it is assumed that

m

_ ' oy (At + Briu + Ajg o
A= ;(wZ(Z) - wi@)) (Aziwz + Baju + A211$1>

can be written as A = F'e, with F' a bounded uncertainty matrix, || F|| < p. Consider
now the distributed observer design. For the already existing subsystem the error is

m

&y = Z w;(2)[Az;ea — Lo;Cozes] + Z(wL(Z) — w;(2))(A2ix2 + Baju) (34)
i=1 =1

€y2 = Cazes
where z depends only on the states of this subsystem. For this subsystem, there already
exists a condition on the model-observer mismatch, i.e., [|[Al| = || 37, (wi(2) —
w;(2))(Ag;z2 + Baju)|| < pz||ez]|, since, for this subsystem the observer has already
been designed, and the scheduling vector depended on the states to be estimated. When
a new subsystem is introduced, both z and A change. In order to keep the symmetry

and obtain a condition similar to that of centralized observer design, in this paper we
require that A is expressed as

—, oy (At + Bru + Agixn\ _ (Fr Fio
;(wz(z) —wi(2)) (A2z'902 + Byu+ Agywy ) \Fn Fy ) © (35)

and that the uncertainties corresponding to different parts of the error are bounded:

| Fiall < a2
[F1ll <
| Forll < po1
||l < po

(36)

Considering a distributed observer design for such a system, the following stability
conditions can be formulated:

Corollary 5. The error system (33), with the properties (35) and (36), is asymptot-
ically stable, if there exist P, = Pl > 0, P, = P} > 0, Q, = QT > 0,
Q2=Q§F >0, L1, Lo;, 1 =1, 2, ..., mso that

H(PQ(G2i+F2)) < —2@2 1=1,2,....m

H(PlGh) < —2Q1 1=1,2,....,m

Amin(H(Q1 + P1F1)) > max [P (Grai + Fra)|

Amin (H(P1G1i + Q1)) < max; || Pa(Ga1i + For)||?

max; ||P1(Gi2i + F12)|| = Amin(Q2) Amin (H(P2(Gai + F2) + Q2))

where Gy = A1 — L1;Ch1, Gos = Agi — L2iCar, Gia; = Ar2i — L1,Ch2, Ga13 =
Aoy — LgiCo.
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Proof: Consider first the following part of the system (33):

. s (A1i — L1;Ch1)exc
o= ;wz(z) (A2¢€2c + Az1ie1. — La2iCaec

- - 0
+ z_;(wz(z) —wi(2) <A2z‘$2 + Boju + A211‘w1)

This is a cascaded system and it is asymptotically stable, if the conditions of Theorem 3
are satisfied. First, we show that system (37) is exponentially stable, if there exist
Pr=Pl'>0,P=P>0,0Q1=Q7 >0,Q2=0QF >0, 42 >0, po1 >0, Fb,
Fb51 so that

(37

H(P1G1L)<_2Q1 ’Lzl, 2,,m
m

Z(wi(z) — wi(2))(Agiwz + Baiu+ Agiw1) = (Far  F2) e

i=1
| Fo1]] < por
|2l < po

/H(PQ(G% + FQ)) < —2Q2 1=1,2,....m

with Gh‘ = Ali — Llicll and Ggi = Agi — L2i021.

The condition H(Py(Ge; + F»)) < —2@Q)2 ensures that the already existing er-
ror system is exponentially stable. Moreover, there exists « € R* so that V, =
eCTdiag(aPl, Py)e. is a Lyapunov function for (37) and VC < erCTQeC, with Q =
diag(a®1, Q2) and Ga1; = As21; — Lo;Ca1. To prove this, consider the Lyapunov

function
T OéPl 0
Ve =e, ( 0 P2> e

The derivative can be computed as:

N PGy, 0
V. = ; Ty ar g .
;w (Z)ec (P2(G211+F21) Py(Goi + F) ) ©
For V, < —2el'Qe., it is required that

( O/H(PlGM) (GQM + Fgl)TP2> ) (OéQl 0 )
P5(Go1i + Fo1) H(P2(Gai + F3)) 0 Q2

which amounts to

(aH(PlGli + Q1) (Ga1i + Fo1)T P, ) <0
Py(Ga1i + Fa1)  H(P2(Gai + F>) + Q2)

Using the Schur complement, we obtain
aH(P1G1; + Q1) — (Gari + Fo1)" Pa(H(Pa(Gai + F2) 4+ Q2)) ' P2(Gars + F21) <0
which is satisfied by any « chosen such that

1 max; || Pa(Ga1i + For1)||?
. 38
“ >/\min(H(PlGli + Q1)) Amin(H(P2(G2i + F2) + Q2)) 8
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Now, consider the full error system (33), together with the assumptions
Z(wz(z) — ’IUZ(/Z\))(AMQH + Bi;u + Algiwl) = (Fl F12) e
i=1 (39)
[ Fizll < p12
[E1]l < pa

Note that these assumptions, together with
> (wi(z) — wi(2))(Azi@z + Boiu + Agyizn) = (Fn ) ec
i=1 (40)
| For || < pon
[Pl < po
are effectively equivalent to those that would be used in the centralized design (see
Theorem 2).
By using the above constructed V' = V as a candidate Lyapunov function for (33),
we obtain:

N (oot [(eH(PIGL) G Pe 0 aPyGya;
V_;wl(z)e (( PyGay  H(PaGai)) T \aGhPy 0 ©

T O[H(PlFl) aP1F12
te (a(Pan)T A

< —e™H (“(Ql +PuR) 0 ) e+ 2¢T [amax | P (Gioi + Fio)|]e

0 Q2
< _eT (OéH(Q1 + P1Fy — amax; [|[P1(Gi2i + Fi2)|) 0 > e
0 H(Q2 — amax; || Py (G12; + F12)]])
which leads to the conditions
Amin (H(Q1 + P1F1)) > max; | Py (G2 + Fia)|| (41)
Amin(Q2) > amax; | Pi(G12; + F12)|| (42)

Combining (38) and (42), we get that such an « exists and V' = V, is a Lyapunov
function if

Amin(Q2) < max; || Pa(Ga1i + For1)||?
max; ||P1(Gi2: + F12)|| ~ Amin(H(P1G1i + Q1)) Amin(H (P2 (G2 + F2) + Q2))
or

Amin(H(P1G1i + Q1)) S max; || Py (Ga1i + F1)|?
max; || P1(Gi2; + Fi2)|| Amin (Q2) Amin (H(P2(G2i + F2) + Q2))

Note that for this case (i.e., when the scheduling vector depends on states to be
estimated), a cascaded error system can only be obtained in special cases. As in Section
4.2, the conditions of Corollary 5 can be implemented in a two-step algorithm, similarly
to Algorithm 2. In order to facilitate the design of observer for the next subsystem,
the appropriately modified conditions of Corollary 1 can be used. If a bound on the
interconnection terms is known in advance, a decoupled design is also possible, similar
to that given in Theorem 6.
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5. Examples

In this section we illustrate on two examples how our approach can be applied for
stability analysis and observer design, respectively. The first example presents sequen-
tial stability analysis for a nearly cascaded system, while the second one illustrates
sequential observer design.

5.1. Stability analysis

First we present a numerical example to illustrate sequential stability analysis. This
example involves a nearly cascaded system, i.e., a system where one interconnection
terms is strong, and the other one is weak. Note that for such systems, sequential sta-
bility analysis is in general better suited than the parallel approaches that can be found
in the literature. The explanation is that for a nearly cascaded system, the subsystem
influenced by the strong interconnection is not able to dominate the interconnection
term. However, this is not the case in sequential analysis, where one subsystem has to
handle the product of the interconnection terms.

Consider a distributed system consisting of two subsystems, as follows:

Subsystem 1:
. -1 1
Ty =Anx = ( 1 _5> Ty

If z is small, then
. -3 2
) = Ajpxy = ( 1 _4> T

j?g = Agl‘z = —101‘2

If z is large, then

Subsystem 2:

The interconnection terms are given as fo; = [0.1 0|72 and fio = [5 0]x;.
This system is “nearly cascaded”, and stable, which is provable with a common
Lyapunov function of the form V = [x] x5]P[x] x]T. Note that fi is a strong
connection between the subsystems, while fo; is a weak connection. Using the stability
analysis of [29], we obtain the conditions:
H(P1A1) < —Q1
H(P1A12) < =1 (43)
)‘min(Ql) >2+ 25”]:)12”

and
H(PaAz) < —Qo

Amin (Q2) = 2+ 0.01] P3|
respectively. According to Matlab’s feasp, condition (43) is unfeasible, and therefore
stability cannot be proven with the method of [29].
Using the conditions of Theorem 4, derived in this paper, we have:
H(P1An) < —2G1
H(P1A12) < —2Q1
v = 135.98
H(PA2) < —2Q2
Q2 > 0.1
—2(P A2 + Q2) > 0.17 P

24



which is feasible. Hence, in this case, the proposed sequential stability analysis is better
suited than approaches in the literature (see also Remark 3.1 in [29], stating that in case
of distributed stability analysis, the interconnection terms for all subsystems should be
“small enough™).

5.2. Observer design
In this example, we illustrate the sequential observer design for a real-world system.
Consider a distributed system where each individual subsystem is a cascaded tanks
system as shown in Figure 4.

Ly
Fq
!
A, h

3 \

Figure 4: A cascaded tanks system.

This system is described as follows: water is pumped into the upper tank 1 that has
a cross-sectional area A;. The level of the water in this tank is denoted by /. From
this tank, the water flows out through a pipe with cross-sectional area s; into the lower
tank 2 that has a cross-sectional area A5. The level of the water in this tank is ho. From
the lower tank, the water flows out through a pipe with cross-sectional area ss into a
IEeSErvoir.

The system has one control input, u, which is the voltage applied to the motor that
pumps water into the upper tank with a flow rate Fj,,. The measured output is the water
level hs in the lower tank.

The dynamics of this system are described by

7-IFVin = _En +Qs “Uu
—Fin 81\/2gh1

I

= A - A 44)
f.L _ S1vV 2gh1 _ 524/ 2gh2
2 Ay Ay

where () is the input-to-flow gain, 7 is the motor time constant, and ¢ is the accelera-
tion due to gravity.

In a distributed system, several of these individual cascaded tanks systems are in-
terconnected. For instance, a system with three subsystems is shown in Figure 5. The
interconnection between the subsystems consists in redistributing part of the water that
would flow to the reservoir to the neighboring tanks, indicated on Figure 5 by the links
dy2, da1, do3, and d3s.
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In case of the system presented in Figure 5, water is pumped into the upper tanks
1, 3, and 5. From these tanks, the water flows to the lower tanks 2, 4, and 6. From
the lower tanks, part of the water flows into a reservoir, and part is redistributed to the
neighboring tanks. Each cascaded tank system has one control input u;, which is the
voltage applied to the motor of the corresponding pump, and one measured output: the
water level in the lower tank. The measured outputs for the whole system are therefore
ha, hg, and hg. The flow rates Fj, ;, provided by the pumps, and the water levels in the
upper tanks have to be estimated, and therefore, an observer has to be designed. The

Ly
Fos
|

i

1

U,

Figure 5: Coupled cascaded tanks system.

dynamics of the distributed system after all the subsystems have been added is given

by .
TlFin,l = _En,l + Qs,l s Ul

; Fina s1v/2gh1

hi = L d
1 A A + do1

- s1v2gh1 s2v/2gho
2 A, A,

ToFin2 = —Fino + Qs2 - U2

. Fin2  s3v2ghs

ha = = d
3 A, A + dy

il _ 83\/2gh3 . 84\/2gh4
N Ay Ay

m3Fn3 = —Fiuz + Qs3 - u3

: Fns  s5v2ghs

hs = = d
5 A A + do3

i $3V29hs s6v2ghe
‘ Ag Ag

sa\/2gh sov/2gh sV 2gh
where da; > Alg 1, dig ™2 Agg 2, d3p>® Agg g,

84\/29}14
Ay

82\/2gh2 SV 2gh6
24, + ds2 ‘

As (45)

54/2ghy
As

and dg3 342904 VAzsgh“ represent the intercon-

nection terms between the subsystems, i.e., the amount of water redistributed among
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the tanks.

Our goal is to design observers to estimate the flow rates Fj, ;, 7 = 1, 2, 3, and
the water level in the upper tanks hq, hs, and hs. It is assumed that the subsystems
are added one after another, and, moreover, further subsystems can be added to this
system. Therefore, the design is performed sequentially.

The parameter values that will be used for simulation purposes are presented in
Table 1.

Table 1: Parameter values.

Parameter Symbol Value Units
Acceleration due to gravity g 9.81 m/ s
Cross-sectional area of tanks A1, Ao, As, A4, A5, Ag  10,11,11,9, 12,10 m?
Outlet area of tanks S1, S2, S3, S4, S5, S 0.2,0.1,0.2,0.125,0.25,0.135 m?
Input to flow gains Qs1, Qs2, Qsz 33.3 m?/s/V
Motor time constants T1, T2, T3 3 S
Distribution ratios di2, do1, dos, d31 0.3,0.1,0.1,0.3 -
Minimum water level RAmin 0.2 m
Maximum water level Rnax 2 m

It is assumed that the tanks have the same height, hy,,x = 2m, and the water
level in the tanks cannot drop below Ay, = 0.2 m. Therefore, all levels are bounded,
h; € [hmin;hmax], i=1,2,3,4,5,6.

In order to use the proposed design, we construct the distributed TS fuzzy model
sequentially, as each subsystem is being added: at ¢ = ¢( only the first system exists, to
which at ¢ = ¢ the second one is added (with the interconnections), to which at t = ¢4
the third cascaded system (with interconnections) is added, etc. Therefore, consider
the first cascaded tanks system with tanks 1 and 2, with the dynamics given by (44).

An exact fuzzy representation of the model (44) can be obtained using the sec-
tor nonlinearity approach [48]. Using this approach, we obtain a four-rule TS fuzzy
system, with the local matrices?

—0.33 0 0 —0.33 0 0
A= 010 -0.19 0 Aix=1 010 -0.19 0
0 0.18 —0.09 0 0.18 —0.03
—0.33 0 0 —0.33 0 0
Aiz=1 010 -0.06 0 A4 =1010-0.06 O
0 0.05 —0.09 0 0.05 —0.03
scheduling variables h, and hs, weighting functions 771 = ‘\; \*; \‘;, 771 1— 77?,
ny = \/\/% f \/@ n = 1 — 1Y, and membership functions w; = 7909, we = 773,

w3 = n?nY, and wy = n?n3. Note that due to the nature of the interconnections, by
the addition of a new subsystem, these local matrices will not change. In turn, the
nonlinearity in the interconnection term leads to two more weighting functions, and
therefore the membership functions do change. However, Assumption 1 is satisfied.
To design the observer, we follow the steps of Algorithm 2. It has to be noted is that

2 All values are rounded to two decimal places.
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the membership functions depend on h;, which is a state that has to be estimated. The
observer-model mismatch for this subsystem is bounded by p; = 0.099.

To design the observer, we solve? the following LMI problem: find P, = P > 0,
Q1 =QT >0, R=R" >0, M;,i=1,2,3, 4, so that

H(PlAli — MZC) < —4Q1 - R

R—12 P (46)
( - I>>0

0.06 —0.01 -0.00
and we obtain P, = 0.11, Q; = 9.84-1074I, R = | —0.01  0.02 0.00 |]. The
—0.00 0.00 0.27

observer gains are computed as L1; = P, ! M; and we obtain the values

—0.01 2.68 2.68 2.68
Li; = 0.18 Lo = | 2.86 L1z = 1280 Ly = (280
2.67 2.70 2.67 2.70

Moreover, we have Apin(Q1) = 9.84 - 1074, Apin (H(P1 A1 — M;C+ Q)+ R) =
1.98 - 1073, |P1|| = 0.1, and ;3 = 5.1704 - 103 (see Algorithm 2). As illustrated
in Figure 6, this observer correctly estimates the states of the first subsystem. The
trajectory presented in Figure 6 has been obtained for a randomly generated input
vector, u drawn from the uniform distribution /[0, 0.1], the true initial states being
xo = (0.1 0.5 0.3)T and the estimated initial states being o = (0 0.2 0.2)7.

0.3

0.25} *, —._h

0.2+ \ 2 |

0.15-

Estimation error

0 5 10 15 20 25 30 35
Time [s]

Figure 6: Estimation error for one subsystem.

At the time t = t; the second subsystem (the cascaded tank system with tanks
3 and 4) is added, together with the interconnection terms to and from the first sub-
system (dj2 and ds; on Figure 5). The upper bound on these interconnection terms
are vyy = [[d 22| < 0.0078 and vip = [|d12 22422 || < 0.171. With these
bounds, we have y; = 1.50. An exact TS representation of this second subsystem is
obtained using the sector nonlinearity approach, similarly to the TS model of the first
subsystem. Since one of the scheduling variables is hg, which is a state that has to be
estimated, again an observer-model mismatch that is bounded by o = 0.11, appears.

3The LMIs in this section have been solved using the SeDuMi solver within the Yalmip toolbox [49] for
Matlab.
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Since the interconnection terms depend on measured variables, we have that p12 = 0
and p2; = 0. Note that although there will be 8 rules, there are only four different
matrices that concern the individual dynamics of the second subsystem (the other four
are due to the nonlinearity in the interconnection term). Moreover, as already stated,
the introduction of the interconnection term does not change the local matrices of the
existing subsystem.

To design the observer for this second subsystem, we solve the problem find P> =
PI>0Q:=QT >0 Ry =RT >0, M;,i=1,2,3, 450 that

H(PyAg; — M;C) < —4Q5 — R

R—puy2 P

( P, 2 ;) >0

((1 - B)Q2 v12 P2 ) -0 47
V12 (1-08)Q2

(1-8)Q2  mvi2P2
( mviePe (11— 5)@2) >0

The goal is to be able to solve the inequalities above for the largest 8 € [0, 1] possible.

This can be done either by using a BMI solver (e.g., Penbmi [50]) or by a line search

on . For a fixed 3, (47) becomes an LMI problem. For this example, we solved it
77.50 16.72 —16.84

for B = 0.7, and obtained P, = 16.72 46.27 —45.87 |, Q2 = 5.141, and
—16.84 —45.87 47.59

the observer gains computed as Ly; = P, YM;. An error trajectory is illustrated in

Figures 7(a) and 7(a). The second subsystem has been added at t; = 20s. The true

initial states for the second subsystem were zo = (2 0.3 1.4)7 and the estimated initial

states o = (0 0.2 0.2)7. The input to the system has been randomly generated from

ulo, 0.1].
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(a) Estimation error for subsystem 1. (b) Estimation error for subsystem 2.

Figure 7: Simulation results for the addition of the second subsystem.

In the simulation, instead of the measured values, the estimated values of hy and hy
have been used in the second and first subsystem, respectively. Consequently, due to
the incorrect estimate of the initial state, the addition of the new subsystem influences
the estimation error of the existing subsystem. This can be seen on Figure 8.

With the two observers designed, we can compute « to determine the Lyapunov
function for the combined error dynamics, and we obtain o = 1.44 - 10~*. Conse-
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Figure 8: Influence of the addition of the new subsystem.

quently, the Lyapunov matrix for the first two subsystems is Pjs = (04(1)32 g > , with
1

0 .
1Pl = max(all Pl [P} = 01,0 Qo2 = 5 (P62 ). with A (i) =

Bmin{aAmin(Q2), Amin (Q1)} = 5.19-10~%. Moreover, we also have that H (P12 A% —
M!P2C + Q12) + Ri2 < —2Q12, and we can compute ¥ = 1.8534 - 10%.

At the time ¢ = 5 the third subsystem (the cascaded tank system with tanks 5 and
6) is added, together with the interconnection terms to and from the second subsystem
(ds2 and do3 on Figure 5). The upper bound on these interconnection terms are vsy =
ds2 222 || < 0.0231, and va3 = [|das 229 [| < 0.0065. With these bounds, we
have v = 0.7891. An exact TS representation of this subsystem is obtained similarly
to the previous ones. The observer-model mismatch is bounded by pu3 = 0.13. To
design the observer, we solved the LMI problem* find P; = PL > 0, Q3 = Q% > 0,
R=R">0,M,;i=1,2, 3,4 sothat

H(PjASZ — MZC) < —4Q3 — R

R—yu: P
( P, 3 I3> >0
(1-8)Qs3 v23P3 <0 (48)
V23 P3 (1-5)Qs
((1 —B)Q3  Y2v23P3 ) >0
YovesPs (1 —)Qs3

1434 2.02 —2.38
for 5 = 0.3, and obtained P, = 2.02 10.29 -9.70 |, Q2 = 1.151, and the
—238 —-9.70 11.53
observer gains were computed as Lz; = Ps ! M;. An error trajectory of this subsystem
is illustrated in Figure 9. The subsystem has been added at t; = 40s. The true initial
states were o = (1 0.25 0.6)7 and the estimated initial states 5 = (0 0.2 0.2)T.
The input to the system has been randomly generated from /[0, 0.1].

With the third observer designed, we have aio = 0.0022, || P13|| = max{az| Ps]|, || P12} =

0.1, and Apmin (Q13) = Bmin{asAmin(Q3), Amin(Q12)} = 1.66 - 10~°. Moreover, we

4Similarly to the design for the second subsystem, this can also be formulated as a BMI problem, with
both 3 and Q3 decision variables.
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Figure 9: Estimation error for the third subsystem.

also have that 43 = 1.81 - 107, and we can start designing an observer for yet another
new subsystem.

6. Discussion and conclusions

Many physical systems, such as power systems, communication and distribution
networks, economic systems, and traffic networks are composed of interconnections of
lower-dimensional subsystems. In this paper, the stability of such distributed systems
was investigated for the case when the subsystems are represented as TS fuzzy systems.
We considered the case when subsystem are added online, one-by-one to an existing
system, and propose conditions for establishing the stability of the whole system when
a new subsystem was added. This setting has also been extended to state estimation,
by developing a method to sequentially design observers for a distributed system.

The motivation for the sequential analysis and design comes from allowing that
subsystems may be added to or removed from a distributed system. Current approaches
in the literature assume that the structure of the system is known, that is, the number of
subsystems is known a priori. Therefore, subsystems can no longer be added. More-
over, it is often required [34, 31, 5] that the analysis of the subsystems is performed in
parallel, at the same time. To be able to address analysis and design for a distributed
system to which subsystems may be added, we have proposed a sequential approach.

Next we discuss some theoretical and practical aspects of the proposed analysis and
design methods.

A shortcoming of the method stems from the fact that we consider fairly general
nonlinear systems (the only assumption we make is Assumption 1), with any type of
interconnection, i.e., we do not exploit a specific structure. Due to this, and due to
the fact that Assumption 1 allows for the change of membership functions, we use a
membership function independent Lyapunov function, more specifically, a common
quadratic Lyapunov function, which renders the result conservative. Another source of
conservativeness is the use of a block-diagonal Lyapunov matrix. Using such a matrix
ensures the stability of each individual subsystem, and consequently allows the addition
or the removal of subsystems (together with the corresponding interconnection terms).
If, for instance, subsystems cannot be removed, then a full Lyapunov matrix can be
used, and it is no longer a necessary condition that each subsystem is stable. This issue
will be addressed in our future research.
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From a practical point of view, the main limitation of the proposed methods is given
by Assumption 1, i.e., by the assumption that by adding a new subsystem, the individ-
ual dynamics of the existing one do not change. For many systems, this assumption
is not satisfied. This assumption will be relaxed in our future research, where we will
investigate the case when due to the addition of a new subsystem, the dynamics of the
individual subsystems change.

A second practical shortcoming is that with each newly added subsystem, the con-
ditions become more and more conservative, in particular, when applying Corollary
1 (or the corresponding design method). We will address this issue in our future re-
search by considering other types of Lyapunov functions, e.g., membership-dependent
Lyapunov functions, such as those used in [51, 52].
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