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Abstract

In this paper we derive stabilization conditions for the class of PWA systems
using the linear matrix inequality (LMI) framework. We consider the class of
piecewise affine feedback controllers and the class of piecewise quadratic Lya-
punov functions that guarantee stability of the closed-loop system. We take into
account the piecewise structure of the system and therefore the matrix inequalities
that we solve are less conservative. We prove that the infinite-horizon quadratic
cost is bounded if certain LMIs are satisfied. Using the upper bound of the infinite-
horizon quadratic cost as a terminal cost and constructing also a convex terminal
set we show that the receding horizon control stabilizes the PWA system. We
derive also an algorithm for enlarging the terminal set based on a backward pro-
cedure; therefore, the prediction horizon can be chosen shorter, removing some
computations off-line.

1 Introduction

Hybrid systems model the interaction between continuous and logic components. Re-
cently, hybrid systems have attracted the interest of both academia and industry [5, 6,
10, 12,27,28,31], but general analysis and control design methods for hybrid systems
are not yet available. For this reason, several authors have studied special subclasses
of hybrid systems for which analysis and control techniques are currently being de-
veloped: discrete-event systems [7], piecewise affine systems (PWA) [2—4, 14,24,27],
etc.

Model Predictive Control (MPC) is the most successful control technology imple-
mented in industry due to its ability to handle complex systems with hard input-output
constraints. MPC is a control scheme in which the current input is computed by solv-
ing, at each sample step, a optimal control problem; the optimization yields an op-
timal input sequence and the current control action is chosen to be the first input in
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this sequence. The theory of the MPC for linear systems is quite mature, but its ex-
tension to hybrid systems is still an active area of research. Recently, research have
been focused on developing stabilizing controllers for hybrid systems and in particu-
lar for PWA systems. PWA models are very popular, since they represent a power-
ful tool for approximating nonlinear systems with arbitrary accuracy and since a rich
class of hybrid systems can be described by PWA systems. PWA systems are defined
by partitioning the state space of the system in a finite number of polytopes and as-
sociating to each polytope a different affine dynamic. Several results about stability
of PWA systems and MPC schemes for such systems can be found in the literature,
see [2,4,14,17,18,20,22,23,27,29] and the references therein. In [22] are derived
piecewise linear (PWL) controllers and quadratic Lyapunov functions, based on LMIs
approach that guarantee stability of the closed-loop PWA system. One of the first re-
sults in guaranteeing stability of MPC for PWA systems is obtained in [4], where a
terminal equality constraint approach is presented. This type of constraint is very re-
strictive, therefore in order to guarantee feasibility of the optimal problem we need a
long prediction horizon, that leads to an optimization problem very demanding from
computational point of view. In [20] a terminal set and a terminal cost approach is pre-
sented for guarantee stability of the MPC scheme for PWA systems in which the origin
lies in the interior of one of the polytopes. In [17] this approach is extended to PWA
systems, constructing a terminal set corresponding to the piecewise linear (PWL) dy-
namics of the systems and the terminal cost is derived from solving some linear matrix
inequalities (LMI) for the same PWL dynamics.

In this paper we continue in the same line of research. We derive LMIs condition
for stabilization of PWA systems using PWA feedback controllers and also piecewise
quadratic Lyapunov functions. We take into account also the structure of our system,
introducing less conservatism in the LMIs. We also derive LMIs conditions that assure
the controller satisfies constraints on input and output. We will show that the infinite-
horizon quadratic cost is bounded if certain LMIs are satisfied. Moreover from these
LMIs we derive a feedback controller that guarantees asymptotic stability of the closed-
loop system with a convex region of attraction. In general this set is small, therefore we
show that applying the receding horizon controller we can also guarantee stability, and
we prove that this controller is better than the original feedback controller, i.e. by this
method the region of attraction increases such that for an infinite horizon we obtain the
maximal region of attraction. We derive a stable MPC scheme with a convex terminal
set and the upper bound of the infinite-horizon quadratic cost is used as a terminal cost.
If the terminal set is small, we need a long prediction horizon. Therefore we present an
algorithm for enlarging this set based on backward procedure and then we show that a
certain inner polytope approximation of this set can be used also as a terminal set. By
enlarging the terminal set the prediction horizon can be chosen shorter, therefore the
computational complexity decreases.

We use the following notations: a PWA system is defined as

y(k) = Cix(k) + &, (1

{x(k +1) = Aiz(k) + Bou(k) + a;, if (k) € P;
where {P; };c7 is a partition of R™ into a number of polyhedral cells (n is the number
of states). Let Zp C Z be the set of indexes for the cells that contain origin in their
closure. Similarly, let Z; C 7 be the set of indexes that do not contain the origin in
their closure. Each polyhedral cell is given by: P; = {x € R™ : E{x > eq, ng > e},
but we assume that the closure cl(P;) = {z € R™ : Ex > e;} with e; = 0 for ¢ € .



So E; = [E" EYT)T. We also introduce

/L; a; B _ x ~ - ~
Ai:{ 0 1’ } , Bi:{ OL ],x: |: 1 }701.:[ Ci ¢ ], Ei:[ E; —e; ]
with &1 = O, 61 =0fori € I().

With the previous notations, the PWA system (1) can be written as a piecewise
linear (PWL) system (see also [24] for continuous time case):

{x(k +1) = Az(k) + Byu(k), if (k) € P; o

where the closure of P; is given by cl(P;) = {z € R" : E;z7 > 0} foranyi € T.

2 Boundaries on the infinite-horizon quadratic cost us-
ing static feedback controllers

2.1 Lower bounds

In this section we consider a generalization of the standard linear quadratic control for
the system (1). The problem is to bring the system to the equilibrium point z(c0) = 0
from an arbitrary initial state 2(0) = =z, satisfying constraints on input and output,
limiting also the infinite-horizon quadratic cost:

Joo(o,w) = Y 2" (k)Qx(k) + u” (k) Ru(k) (3)
k=0

with @ = QT >0, R=RT > 0andu = (u(0),u(1),...).
In this paper we consider the following type of constraints':

Ue ={u € R™ : Juj| < Ujmax, forj=1,...,n,} 4)

Xc = {.’E eR™: ‘yj| < Yj,max; fOI‘j = ]-7 7ny} (5)

With %} max, ¥j,max > 0, therefore the sets U, X, are convex, compact and contain the
origin in the interior. We define now the problem that we would like to solve:

Definition 2.1 Problem P

Design a feedback controller u = F(x) for system (1) that:

(i) limits the infinite-horizon quadratic cost in a positively invariant set £, i.e.
Vage &= ua(k)e &, V>0

(ii) makes the closed-loop asymptotically stable, with x(co) = 0

(iii) satisfies the constraints u(k) € U, y(k) € X, Vk > 0. &

We denote also with Q = { %2 8 ] , then we have the following proposition:

'We can consider more general constraints, for instance: Ujmin < Uj < Ujmax, With U min <
0, Uj,max > 0. Similar for output.



Proposition 2.2 Ifthere exists symmetric matrices { P;,U;;,V;}i jer, suchthatU;;, V;
has all elements non-negative and that verify the following LMIs:

R+ BI'P;B; BI'P; A,

- — — - — > P, V. E.
A;TPJBZ AZTPJAl — P; + Q — EZTU”E’l 20, Pi> El Vil (6)

for any i,j € I, then any trajectory (u,x) of the system (1) with x(c0) = 0 and
z(0) = xo € P, verifies
Joo (w0, u)> sup{Zg PiyTo: (Pi, Uy, V) issolution of (6)} (7)

Moreover any trajectory (u, ) of the system (1) with z(00) = 0 and z(0) = zo € Py,
satisfying the constraints (4), (5) on the input and output verifies also the lower bound
(7) but this time subject to the following LMIs: for anyi,j € T

T

— — E 0 e E 0 e
TP.B. TP . A. u w | u u
R +§LPJBZ T—Bl P]él _ O Ey ey U’L O Ey ey ZO
ATP;B; ATP;A,—P;+Q !
v L 0 E;, O 0 E; O

®)

Proof: We define the following piecewise quadratic function:

T ~
z(k) P 0 x(k) | .. . it
. [ 1 0 0 [ ) ] zfzeIo_ x(k();PzT(k) " if i € Io
= T = |z — |z .
[m(lk) 1 P, J;(lk) 1 ificT [ N ] fich

with P; € R*T1Xn4+1 P € R™" and P; > EIV,E; foralli € Ty, P, > EI'V,E;
foralli € Iy (i.e. it is not necessary P;, P; > 0 on the entire state space, but rather
on P;). With these conditions we have that V (k) > 0 for any x(k) # 0.

We introduce the notations:

Hz(k),u(k)) = 27 (k)Qz(k) + u” (k)Ru(k) = 7 (k)Qz(k) + u” (k) Ru(k)

If we assume that at sample step k > 0, the state x(k) € P; and x(k +1) = /Lx(k) +
Biu(k) + a; € P; then imposing

V(k)—V(k+1) <lz(k),u(k)) when z(k) € P; 9)

and applying the S-procedure [15,25] for (k) € cl(P;) = {E;Z > 0} and using Fact
1 (see Appendix), we get

V(k)—V(k+1) <l(z(k),u(k)) —z(k)T EI'U,; E;z(k) (10)

for any (k) € R"*1 u(k) € R,
From the last relation we obtain for any 7(k) € R"*1 u(k) € R that



z (k) Pix(k) — (Aiz(k) + Biu(k))" P;(Aiz(k) + Biu(k)) < z7(k)Qz(k) +
u?'(k)Ru(k) — 2(k)T ETU,; E;Z(k). This relation leads us to LMI (6).

For the second part, we observe that writing (9) for k = 0, 1,2..., with z(c0) = 0
and thus V (00) = 0 and adding these relations yields:

(VO)—=V(1)+ (V1) =V(2) + ... <l(x(0),u(0)) + I(z(1),u(1)) + ... which
leads us to (7).

Let us now also take into account the constraints. The constraints on the input
(4) can be written as [E, e,|[ul 1]T > 0 and the constraints on the output (5) as
[Ey e,)[zT 1]T > 0. Then by applying the S-procedure and Fact 1 for [u”,z7 /1]T €
R™ T+ we have to replace the LMIs (6) with the LMIs (8). Then any trajectory (z,u)
of system (1) with x(c0) = 0 and x(0) = xg € P;,, satisfying the constraints (4), (5)
verifies also the lower bound (7) but this time subject to the above LMIs (8). &

Remark 2.3 Upper and lower bounds for the infinite-horizon quadratic cost were de-
rived for continuous time PWA systems in [24].

We can define a set Q = {(3, j) : x(k) € P;, z(k + 1) € P;} that represents all
possible transitions from one region to another and then to restrict ¢, j € Q only. The
set €2 can be determined via reachability analysis (see [2]). &

2.2 Upper bounds for the infinite-horizon cost

In order to obtain an upper bound for J (z¢) we should take a particular control law.
Our first impulse would be to take the ordinary linear quadratic control:

F; = —~(R+ B PiB;) ' BiP;A; = [F; fi] (1
with f; = 0 when ¢ € Z,. But, in general, the PWA control law
= (ot e
cannot guarantee stability of system (2). If the closed-loop system
Z(k+1)=(A; + B;F)z(k), =(k) € P; (12)

is asymptotically stable then we can choose this controller in order to obtain an upper
bound for the infinite-horizon cost (we can check stability via LMI feasibility as we
will see in the sequel). Indeed, similar to Proposition 2.2 we introduce the piecewise
quadratic function:

TPz, ifi e I,
Viz) =4 5 T L
2t Py + 2p; x +pi, if1 €4

We want to find P, € R*T1*7+1 i ¢ T with

131‘ DPi

P,
! pr o pi

PO ... .
0 0},1f26I0,Pi:[ },ﬁzeL

such that z(c0) = 0, P; > EZT ViE; for all i € Z (V; has all elements non-negative
which implies that P; > 0 only on a set that contains P;) and

V(k+1) = V(k) < —l(z(k), F(k)z(k)) for any k (13)



If x(k) € P; and Z(k + 1) = (A; + B;F;)z(k) € P; then (13) becomes
( )(A; + BiFy)" Pi(A; + BiFy)z(k) — 2" (k) Pz (k)
—zT(k)Qz(k) — 7 (k) FF RF;z(k) for (k) € P; (14)

Because we need (14) to be valid only for x € P;, we can use S-procedure in or-
der to reduce conservatism when we solve (14). Using Fact 1 (see Appendix), one
method found in the literature (see [24]) is to relax the matrix inequality (14) to: find
P;,Uij, 4,7 € Z, such that U,; has all entries non-negative that satisfies the following
matrix inequalities

fT(Ai + B,‘Fi)TPj (AL + BtFl)i‘ - .’f?TPi.f < —i‘TQi‘—
—#'F'RF;z — ' E]'U;;E;7, forany 7 € R™*! (15)
This gives rise to the following LMIs in P;, U;;, V; (all entries of U, V; non-negative):
P, > EI'V;E;, foralli € T. (16)
Proposition 2.4 [f xg € P;, then
Joo(w0) < inf{Z{ Py, Zo : (P;, Uiz, Vi) is solution of (16)} (17)
Proof: From (13) we have

(V1) =V(0)+(V(2)=V(1)) + ... < =1(z(0), F(0)z(0)) = {(z(1), F(1)z(1)) — ...

and because x(00) = 0then V (c0) = 0, which implies —V (0) < —J(x¢). Therefore
(17) holds. &

If the linear quadratic controller (11) is not stabilizing for (12), i.e. the LMIs (16)
do not have a solution, or does not satisfy the constraints on input/output, we look for
another controller. In the sequel we derive this controller that solves problem P.

We denote with F; = [E- fi] with f; = 0 for i € Zy and the piecewise quadratic
function: V (k) = 2T (k)P(k)z(k) with P(k) = P, if x(k) € P;. We want to find
Fl‘, NS Rn+1xn+1, i € I, with

P, = “3; 8},ifieIO;Pi: [;;; 5; },ifiezl
such that:
1. 2(c0) =0
2. V(k+1) = V(k) < -l(z(k), F(k)z(k)), k>0
3. the resulting input-output sequence should satisfy the input/output constraints.

We do not require P; > 0 on the entire space but rather P; > 0 on P;, which using S-
procedure can be expressed as P; > EZT V; E;, where V; has all elements non-negative.
Condition 2 is implied by the existence of a solution F;, P; of the matrix inequalities

T (A; + BiF)"Pj(A; + BiF))z — 3" Pz + 27 Qr + 2" FFRF,z2 < 0, Vo € P,
(18)



and applying S-procedure we obtain the following matrix inequalities:

(A; + B;F;)" Pj(A; + B;F;)~Pi+Q + F'RF; + EI'U;;E; <0, Vi,j € Z, (19)
P, > EI'V;E;, foralli € T (20)
where we require U;;, V; have all entries non-negative. In the sequel the symbol *

is used to induce a symmetric structure in an LMI. The following proposition give a
solution to (19)-(20):

Proposition 2.5 The matrix inequalities (19)—(20) have a solution if and only if the
following matrix inequalities have a solution

BIP;B; +0R—1 BI'PiA; + F; <0
P, > ETV,E, @1)

where U, ;, V; have all entries non-negative and 6 > 0.
Proof: It is easy to see that (19) can be written as

F; 1'[BTP,B; + R BT P;A; NE 12

Now M denotes the orthogonal complement of M (M exists only if M has linear
dependent rows). We have then M M+ = 0 and M+M~+" > 0. In our case we have

il T
the relation { ;T } = { 1? } . Therefore, the previous formula can be written
i

1 1T
el ] e

BiTPjBi + R BiTPin -
lemma (see Appendix) we obtain that (22) is equivalent with

where Q;; = } . Using now the Finsler’s

Qij < 0;j |: ;,51 :| [ -1 F; ] (23)

with o;; € R. Of course (23) has a solution if and only if

Qij<a{;§}[—1 F; ] (24)

with o > 0 has a solution (Take o > max; ;{0, 0;; } for the implication “(23) = (24)”.
The other implication is obvious). Now if we divide (24) with o > 0 and denote with
P, —1/oP;, Ujj; = 1/0U;j, V; = 1/0V; and 0 — 1/0 we obtain (21). &

The matrix inequalities (21) are not LMIs due to the term FiTFZ-. Therefore we
have to use standard algorithms for solving bilinear matrix inequalities (BMI). The
algorithms for solving BMIs cover both local and global approaches. Local approaches
are less computationally intensive , and they consist in searching a feasible solution: if
it exists then we have solved the problem, otherwise one cannot tell whether there is a



feasible solution or not. Global algorithms are able to find a solution if the problem is
feasible. The branch-and-bound algorithm of Tuan [30] can be used to solve globally
our problem, although in this case the computational time is increasing in comparison
with local approach.

Now we discuss some possible relaxations for (19)—(20). First relaxation is to
replace (20) with P; > 0. In this case we can apply the Schur complement to (19).
Note that (19) is equivalent with

(Ai+BiF,)"'S;(A; + BiF;)—Pi+Q+F] RF; + E/ U;;E; <0, Vi,j €T (25)
0<P <S8 VjeT (26)

In this way we take into account also the case S; = Pj_l. We give now a sketch of the
proof: it is clear that if (19) has a solution then there exists an ¢ > 0 such that (4; +
BiFi)TPj(Ai—i-BiFi)—Pri-Q—i-FFRFZ-—&-E,L-TUijEZ- < —e(A;+B;F;)T(A; +B; F;).
Then, we can take S;l = P; + ¢l and thus we obtain (25)—(26). The other implication
is obvious.

Now, using the Schur complement, (25)—(26) is equivalent with

R—Q—E;TU”EI * *

Ai + B,F; S; 0 | >0 27)
F; 0 R
0< P <8t (28)

In Appendix (Fact 5) we give an algorithm for finding a solution for (27)—(28) based
on an idea from [13].
We define Xy = U;ez,P; and we consider an inner approximation with an ellipsoid
of this set:
E(H)={recR":2THx <1} C X,.

The computation of a maximal volume ellipsoid included in a polytope can be done
using convex optimization (see [33]).

Proposition 2.6 (i) If the following LMIs in P; = PF' > 0,5; = S > 0,F;,U;; =

Uz?g, with all entries of U;; non-negative

Pi_Q_EiTUijEi * *
F; 0 R!

and the following bilinear matrix inequalities (BMlIs)

have a solution P;, S;, F;,U;;, 1,j € I then they are also solution of (27)—(28).

(ii) The following set £(p) = {x € R : 2T Pjx < p, j € To}, p > 0is a positive
invariant set for the closed-loop system, convex, compact, containing the origin in the
interior if the following LMIs are satisfied:

TH—PJ' 0
<
0 —T+p =0 3D

withT > 0 and j € 1.



(iii) If we require the input u(k + 1) to satisfy (4) for all 1 > 0, once x(k) € E(p)
then an additional LMI must be satisfied:

A - EI'W,E;, F, .
|: ! 14 z :| >0 with A]j < u?,max/p (32)
where the matrices W; have all entries non-negative for any i € I.
(iv) If we require the output y(k+1+1) to satisfy (5) for all | > 0, once z(k) € E(p)
then the following additional LMIs must be satisfied:

I — EI'W,E; Ci(A; + BiF;
[ Wi ( s i) ] >0, T; < Y2 man/p (33)

where the matrices W; have all entries non-negative for any i € Iy. Taking v = 1/p
all formulas (29)-(33) are LMIs except (30).

Proof: (i) We have 4 possibilities: i,j € Iy; 1,5 € Lot € Lo, j € L1310 € 11,5 €
To. For brevity we discuss here only the first case (the other three cases can be proved
similarly, see also Appendix). The BMIs (30) imply that

0<S; <P Vifand only if 0 < P, < S;*

(see also [26]). Applying the Schur complement to (29) and using the last inequality
we get:

0 <P —Q— E]UyE; — (A; + BiF;)" S; ' (x) — F]' RF,
S Pz - Q - E;TU”El - (Az + BiFZ')TPj(*) — FiTRFi

i.e. formula (19) is valid with the requirement U;; has all entries non-negative.
(ii) It is well-known [32] that inclusion of ellipsoids

{z: 2T Pjx < p} CE(H) C X

can be expressed as an LMI (31). Then if x(k) € E(p) NPy, for some i, € Lo, then
xT(k)PZOZ‘(k) S 14 and Ji(k + 1) = (ALO + BioFio)x(k)-
Therefore, for any j € Iy according to (i) we have:

a"(k + 1) Pya(k + 1) =a"(k)(A;, + Bi, Fi,) "P{(Ai, + B, Fiy )x(k) <a™ (k) Pya(k) < p

according to condition 2. By induction we can see that if z(k) € E(p) then x(k +1) €
E(p) for all I > 0. E(p) is convex® and compact because it is the intersection of
ellipsoids (the ellipsoids are convex and compact sets because P; > 0) and it contains
the origin in the interior because each ellipsoid contains the origin: P; > 0.

(iii) The constraint on the input (4) is equivalent with u?(k) < u?)max. We have
E(p) C{x: 2T P < p} and if x(k) € E(p) N'P; then

9 ~ 2 ~ 2 ~ 2 ad ‘”—1/2 2
u; (k) Sz(glgg{(p)(Fix(k))j Smrnﬁixgp(ﬂx)j Sané?;;l(Fix)j < |Vp(E:P %)l
o<

= p(EiPTED) i3 = p(FiPTUET ) << phyj < uf

J,max

on P;.

2We observe that £(p) is in particular an invariant set for the free switching system with the modes
i € Tp.



Taking W; with all entries non-negative, and applying the S-procedure, the last in-
equality translates in:

A—FP'FF — EI'W,E; >0

2
and Aj; < %‘7;“ which is the LMI (32) if we denote with v = %.
(iv) The LMI (33) is derived in the same way. &

Remark 2.7 We have considered an ellipsoid approximation £(H) of Xo. If Xy is
a polytope (or we can have a inner polytope approximation of Xy) given by {z :
cl'z <1, 1 = 1,...,s}, we can replace LMIs (31) with the following inequalities:
cprflcl < 1lforalll = 1,...,s. Using the Schur complement the last inequality
can be recast as an LMI in P; and 1/p, which fits to our settings from Proposition 2.6.
We used here the fact that an ellipsoid {z : 7 Pz < p} is contained in a half space

{z:cTz <1} ifand only if T pP~lc < 1. &

Remark 2.8 In Proposition 2.6 we can search for P;, F;, for which the volume of £(p)
is maximal, by considering the minimization of the convex cost function:

min — >, 7 logdet(F;). There is a method to transform the matrix inequality
(28) into LMIs using the fact that S + S~! > 27 for any S > 0. Then we can replace
(28) with the more conservative LMI P; + 5; < 21. &

We propose now a second relaxation. If we do not apply the S-procedure for (18),
i.e. we replace the condition “x € P;“, with x € R, then (18) becomes:

(A; + B;F;))" Pj(A; + B;F;) — P+ Q+ F'RF; <0 (34)

for all 4,5 € Zp and P; > 0. The matrix inequalities (34) were solved in [16] making
a so-called linearizing change of variables by introducing: S = P~!, F; = Y;S. This
type of linearization for (34) is also used in [17], where a stabilizing receding horizon
control for PWL systems is developed. If we use this linearization we have to impose
a certain structure on matrices F;. In order to avoid this conservatism, we propose here
another linearization of (34), namely P; = S; VFE =Y,G™ L. Using this change of
variables we see that the determination of the control law does not depend explicitly
on the Lyapunov matrices P;. The extra degree of freedom introduced by the matrix G
which is not considered symmetric, is incorporated in the control variable, removing
the special structure of P; to G. A similar linearizing method was used in [9] in the
context of stabilizing linear parameter varying (LPV) systems.

Proposition 2.9 (i) If the following LMIs in G,Y;, S;

G+GT -8, x % =«
okle OJ I« | 0 (35)
RY/?Y; 0 0 I

foralli,j € T have a solution then F; = Y;G™', P; = S;l are solutions of (18).

(ii) The following set £(p) = {x € R™: xTﬁjx < p, j €Io}, p> 0is a positive
invariant set for the closed-loop system, convex and compact, containing the origin in
the interior if the following LMIs are satisfied..

THilfgj 0
>
0 -7+ 1/p 20 (36)
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with > 0and j € 1.

(iii) If we require the input u(k + 1) to satisfy (4) for all l > 0, once z(k) € E(p)
then an additional LMI must be satisfied:

A Y; ;

[ 3 GJrG% s, } > 0 with Ajj < U3 /P 37)
forany i € I.

(iv) If we require the output y(k+1+1) to satisfy (5) for alll > 0, once x(k) € E(p)
then the following additional LMI must be satisfied:

[ r éi(AiG + B’ﬂ@)

* G+ GT - S :| 2 0 with Fjj < y?‘,max/p' (38)

forany i € Ty. Taking v = 1/p all previous formulas become LMIs.
Proof: (i) We have to discuss also separate 4 cases, but for brevity we give the proof
only for first case (see Appendix for more details).
From (35) using the Schur complement, we observe first that G is a nonsingular
matrix because
G+G" > S;

and also
0<Si= (S-S 1S, —G)>0

therefore we get the following relation:
G+Gr -5, <a's;'a
and
0<G+G" =5 — (AiG+ B;Y;)"S; ' (x) - GTQG — Y;" RY;
< GTS7'G — (4G + B;Y;)"S; (x) — GTQG - Y, RY;
=G (5 = (Ai+BY,GT)'S () —Q -G Y RY,G™)G
Taking F; = V,G™', P, = Si_l we obtain from the last relation (18):
(A; + BiF;))" Pj(A; + BiF;) — Pi+ Q + F'RF; <0, foranyi,j € T
(ii) The LMIs (36) express the fact that
{z: xTS’j*lx <p}CEH)C Xp

with Sj_l = I5j (see [32]) and the rest of the proof is similar to the proof from Propo-
sition 2.6 (ii).

(iii) The constraint on the input (4) is equivalent with u?(k) < uimw. We have
E(p) C{x: 2" Pux < p} and if x(k) € E(p) N'P; then

u?(k)g max (Yinlx(k))?S max (Y,-Gilz)?

z(k)EE(p) zTP;z<p
< max (YiG'0)] < VRYiGT'S) )13 = p(viG T SiGTTY)
T lz<1
< ijj < U?,max'

Therefore (37) holds. We used here P; = Si_l.
(iv) This proof'is similar with (c). &
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Now we assume that the LMIs from Proposition 2.2 are feasible, and that we have
available P;, ¢ € 7 and also applying one of the approaches proposed before we
obtained F;, P;, 7 € Z. In this case we have the following two consequences:

Corollary 2.10 The origin of system (1) is globally asymptotically stable with the PWA
Sfeedback controller u(k) = Fyx(k)+ fi, x(k) € P; and the infinite-horizon quadratic
cost is bounded by:

sup Zg PiyTo < Joo(20) < inf 7 PiZo (39)

for any xo € Py,

We define v = % and replace then in Proposition 2.6 and Proposition 2.9. The PWA
feedback controller u(k) = F;Z(k), (k) € P; makes the origin locally asymptotically
stable, the input and output satisfying the constraints (4), (5) with a region of attraction

E=Uer,({z : 2" Pz < 1/4}N'Py)

i.e. the feedback controller u(k) = F;z(k),z(k) € P; solves locally the problem (P),
and moreover

Joo(w0) <1/

forany xg € £.
Proof: From the construction of P; we know that x(co) = 0. Actually we have that
the function
V(z) = 2" Pz, x € P

is a piecewise quadratic Lyapunov function for the closed-loop system:
x(k+1) = A(k) + Bi[F; fi]lz(k)T 1)7 + @y, x(k) € P;

Contrary to the continuous time case the Lyapunov function can be discontinuous
across cell boundaries for discrete case.

For the second part we know that £(1/7) is an invariant set, but a larger invariant
set is &, that is a union of convex sets. From LMIs (37)-(32) the controller satisfies the
input constraints. The output constraints are satisfied due to LMIs (38)-(33). Asymp-
totic stability is proved using the same Lyapunov function. In this way we can solve
problem P locally. &

3 Model predictive control law

3.1 MPC using an ellipsoidal terminal set

In the previous section we have found a PWA feedback controller u(z) = FZ that
solves problem P with a positive invariant set £ = £(p). In general this set is small
in comparison with &, defined as the largest domain of attraction achievable by a
control law solving problem P. In this section we show the benefits of MPC applied to
solve problem P.

If at sample time k we want to minimize the infinite-horizon quadratic cost (11),
this is very difficult because our system is nonlinear, and therefore we will have an
infinite dimensional optimization problem. Therefore we apply a quasi-infinite method
(see [16, 19]) to cope with this drawback. We consider a prediction horizon N, we
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assume that at sample time k the state (k) is available (i.e. can be measured or esti-
mated) and we split the infinite-horizon cost into two parts:

k+N-—1 00
Too(@(k),w)= > " 2" (k)Qz(j) + u” (/) Ru(j)+ > =" (j)Qz(j) + u” () Ru()
Jj=k j=k+N

= In(z(k)) + Joo (z(k + N)).

From Section 2 we have available P;, K;, P;, i € Z and moreover we have obtained
an upper and lower bound for J.(x(k + N)):

P, K;,U;j -

inf  #(k+ N)'Pz(k + N)>J(x(k + N))> sup Z(k + N)TP; 2(k + N)
Pi.Usj

for any x(k + N) € P;,.

The quasi-infinite method replaces the second infinite term with its upper bound
[19]. Then at each sample step k& we have to solve the following optimization problem
which will be called QI(V):

J* (k) = min Z 2T ()Qx(j) + u” (j)Ru(j) + z(k + N)" P(k + N)z(k + N)

subject to

u, = (u(k),...,u(k+ N —1) € UN)
equation (1)
(y(k+1),..,y(k+ N)) e X¥

hard constraint: z(k + N) € £(p).

where P(k+ N) = P, ifx(k+ N) € P,.

In the above formulation we can detect the standard ingredients for a stable MPC
scheme: a terminal cost and constraint set (see [21]). According to the authors of
[21], ideally, the terminal cost should be the infinite-horizon value cost (in this way is
constructed a stable MPC for linear systems), but due to the nonlinearity of the system,
this cannot be computed explicitly (as in linear case), therefore we replace it with its
upper bound that we have derived in Section 2. MPC schemes using the upper bound
of the infinite-horizon cost as a terminal cost has been employed also in [16, 19] in the
context of MPC for LPV systems with polytopic uncertainty.

We apply a receding horizon principle, therefore after we solve the optimization
problem at step k£ with optimal solution uj, we apply only the first sample u(k) =
u; (0) = FREN(2(k)) and at next step k + 1 we update the state and repeat the whole
procedure.

In order to prove that receding horizon controller solves problem P, we introduce
first some definitions.

Definition 3.1 Let F (N, xq) be the set of all feasible inputs corresponding to QI(N)
and let E’M(N) be the set of initial states xo such that F (N, xq) is non-empty.

Definition 3.2 Consider the closed loop system given by receding horizon control:

srn Jx(k+1) = Agx(k) + BiFRN (2(k)) + g,
y(k) = Cix(k) + &, ifx(k) € P;

13



Proposition 3.3 We assume that we obtained F;, P;, E(p) applying one of the methods
from Section 2. Then we have:
(i) ERY(N) is a positive invariant set for Y™ and

E(p) CEM(N), VN >0 (40)

(ii) the quasi-infinite program QI(N ) asymptotically stabilizes the system (2) with
u(k) = u;(0) = FREN ((k)). Therefore this quasi-infinite receding horizon control
solves problem P.

(iii) ER(N) € EMY(N + 1) and

My 00 ERE(N) = U, ERL(N) = Epax, where Eax denotes the largest do-
main of attraction achievable by a control law solving problem P. Moreover, if there
exists an N* such that
then Epay = EFH(N™).

Proof: (i) Let zg € ERY(N) N P;, then the optimization problem QI(N) has an
optimal solution

up = (u(0)*,..,u(N = 1)") e UY, (y(1)*,...,y(N)*) € XV.

At the next step we have ~ ~

(uw(1)*, .., u(N —=1)*, ij(N)*) € F(N, Az +B¢FRH’N($0) +a;) ifx(N)* €
E(p) NP, with j € Ty, because according to LMIs (37)-(38) or (32)-(33): ij(N)* €
Ucand y(N +1) = C'(A +BF) (N)* € X.

In conclusion v, = Az + B; FRY: N(zo) + a; € ERY(N), therefore (applying
induction) we can prove that EY(N) is a positive invariant set for YR

Moreover, for any o € E(p) there exists a feasible input sequence for QI(N),
namely (F(0)xg, ..., F(N—1)x(N—1)), where F(-) € {F;, i € I} = z € ERY(N),
so that E(p) C ERN(N), V N > 0.

(ii) At sample step k = 0 the optimization problem QI(N) has an optimal solution

ug = (u(0), ... u(N = 1)" € UY), (y(1)",...,y(N)") € XT, a(N)* € £(p").
Then at step k = 1 we have a feasible solution:
up = (u()*, ..., u(N — 1)*7ﬁ‘jx(N)* ifx(N)" € E(p*) NP;j)

Indeed by applying u, we have F; ja(N)* € U, (N +1) = (A; + B;Fj)z(N)* €
E(p) therefore (y(2), ..., y(N)*, Cj(A; + B; Fy)x(N)*)] € XL

Moreover,
JH(1) < (1) =J*(0) = U(z(0)*, u(0)*) —2(N)*T Pa(N)* +1(z(N)*, Fz(N)*)+
2(N)T(A; + BiF)" Pi(A; + B E)x(N)* < J*(0) = 1(z(0)*, u(0)*)

where we used in the last inequality the formula (19). Therefore

JH(1) = J(0) < —U(x(0)",u(0)") < —[l2(0)*[3,
By induction we can prove that:

T (k+1) — J*(k) < —|la(k)*|
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i.e. the optimal quasi-infinite cost J*(k) is a Lyapunov function for the closed-loop
system, and due to the previous inequality we have asymptotic stability. Therefore, in
this way we can solve the problem P with the feedback controller u(k) = FRUN(z(k))
and the positive invariant set EF(N) .

(iii) Let 7y € ERY(N) then there exists (u(0), ...,u(N —1)) € F(N, ), therefore
(w(0),...,u(N — 1), F(N)z*(N) € F(N 4 1,x0)), so that o € ER(N + 1) i.e.

ERM(N) C ERH(N 4-1)

As N — oo the problem QI(N ) becomes an infinite-horizon model predictive control
problem implying that limy_, oo EFY(N) = Epax.
Moreover, from the equality

SRH(N*) — SRH(N* + 1)

it follows that there does not exist a state xo ¢ EX(N*) such that with a feasible input
u the state v1 € ER(N*). Therefore Epayx = ERH(N). &

Remark 3.4

* Point (i) is essential in order to ensure that it is worth replacing the auxiliary
controller F' with the receding horizon controller FRH-N

* Point (iii) shows that at the cost of an increasing of the computational effort as-
sociated with the optimization problem QI(/V), the domain of attraction can be
enlarged toward the maximum achievable one. Therefore N is a tuning parame-
ter that realizes a trade-off between complexity/performance.

e When N = 1 we have to solve at each step k£ a convex optimization problem.
If N > 1, QI(V) is a nonlinear optimization problem: the objective function is
convex subject to linear and convex inequality constraints and nonlinear equality
constraints.

3.2 Enlargement of the ellipsoidal terminal set

We have derived a stable MPC scheme that solved problem P. Stability is guaranteed
by using a terminal set and a terminal cost. We derived a piecewise quadratic terminal
cost together with a convex terminal set . The optimization problem that we have
to solve on-line at each sample step k is nonlinear, non-convex, the computational
time increasing with the prediction horizon N. If the terminal set is small, then we
need a long prediction horizon in order to have feasibility for QI(/V). Therefore, the
optimization problem will be computationally intensive. A larger terminal set is £ =
Uiez, ({z : 2T P,z < p} NP;), but this is not a convex set (it is a union of convex
sets). In the sequel we develop a method to enlarge the terminal set based on backward
procedure that can be done off-line, and thus we can efficiently implement on-line the
stable MPC scheme derived before using a shorter prediction horizon. We consider the
PWL dynamics of the system:

y(k) = Cia(), @b

where {P; };cz is a partition of R™ into a number of polyhedral cells, with the closure
of P; given by cl(P;) = {x € R" : E;zT > 0}. Moreover we assume the constraints

{m(k +1) = Ajz(k) + Bu(k), if z(k) € P;
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(4)-(5) on input and output. Similar with Proposition 2.9 we derive an initial terminal
region and cost based on LMIs.
Step 1 Solve the following convex optimization problem:

in — log det .S
Jin, — > _logdet 5;
1€T

subject to
G+GT—-S, x % =«

Ql/QG 0 I; = >0 (42)
RY?Y; 0 0 Iy

A Y; I' Ci(AiG+ B)Y;)

) G+GT—Si]>O’[* c+ar—s, | =% “43)

with Aj; < 5 o Tjj < Y5 max and define
Fii=Y,G P =S & ={recR:2"P 2 <1, iecTI}.

According to Proposition 2.9 for any x € &, the controller v = F; jx satisfies the
constraints on input and output and maintains the trajectory of the closed-loop system
inside & but converging asymptotically to origin.

Step 2 Using the previous terminal set Eppey = {2 € R™ : xTPi7prevzz: <1, 1€
T}, we construct a new larger terminal set £ye, based on a controller F; ey, that steers
the system from &,y but not within &, to the last terminal set Eprey -

min — Z log det S;
ieT

G.Y;,S;
subject to
—1 ) i = Tid prevy Ti =
A,G + BY; Pj,prev p

and LMIs (43) for any i, 5 € 7.
Proof: We denote with P; yew = S; ', Fjnew = Y;G 1. The second LMI in (44)
is equivalent with:

Eprcv - gncw = {.T eR™: l'TPi’ncwx < 1, i€ I}
The first LMI in (44) after applying the Schur complement, expresses the fact that:
Pi,new = 5;1 Z (A’L + BiFi,new)Pj,prev(*)T

ie. if zg € (Enew N P;i) — Eprev and applying the feedback controller vy = F; newZo
then z1 = (4; + BiF; new)To € Eprev- The LMIs (43) guarantee that the controller
u = F; yew satisfies the input and output constraints. Step 2 is an iterative procedure,
i.e. we repeat it as long as we want, let us say L times (e.g. we stop when there is no
more increase in the volume of the set oy ).

Therefore we have available a sequence of controllers u = F; jx, if x € (& —
E-1)NP;, i€, 1 €{l,---, L} where by definition & is the empty set.
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Remark 3.5 The steps 1 and 2 can be seen as an off-line multi-parametric LMI version
of the MPC using multi-parametric quadratic programming (see also [11]).

In order to reduce the conservatism in Step 1 we can solve the optimization prob-
lem subject to LMI+BMI from Proposition 2.6 (therefore Step 1 will be a non-convex
optimization problem). Similarly, we can proceed in Step 2, namely we can solve the
optimization problem :

min Z log det P;
€z

Fi,Pi,Uis 4
subject to .
e “
U;; having all entries non-negative and
P, < 1P prev, 0< 13 <1 (46)

and LMIs (43) for any 7,5 € Z. But in this case the objective function is concave,
subject to convex constraints (therefore again we have a non-convex optimization prob-
lem).

Step 3 At this stage we want to find a piecewise quadratic terminal cost P(z) =
2T Pyx if x € P; such that stability is guaranteed when we apply the MPC scheme
QI(N) with the terminal set £;,. The sequence {P;};cz is determined solving the
following LMIs:

(A; + BiFi,l)TPj (Ai + BiF;;) — P+ Q+ FZ-:,FZRFi,z + EiTUi,jEi <0, @7

forany i,j € Z,1 € {1,---, L} (see the proof for (ii) of Proposition 3.3 where the
condition J*(k + 1) — J*(k) < —I(x(k),u(k)) is implied by the LMIs (47)).

Corollary 3.6 (i) The controller
u=F;x, ifve (51 — 81_1) NP;

solves problem P associated to PWL system (41).
(ii) &y, is a positive invariant set for the closed-loop system

y(k) = Cia(h), @

{I(k +1) = (Ai + BiFi )z (k), if w(k) € (&= &E-1) NPy

(iii) Using &1, as a terminal set and the terminal cost P(x) = T Px if v € P;,
with P; given by (47), Proposition 3.3 still holds.

Proof: It is obvious that this controller stabilizes the PWL system (41), because for
any xo € &y, in at most L steps x(L) € & and then according to Corollary 2.10 z(L)
will converge asymptotically towards zero. Moreover this controller fulfills the input
and output constraints.

For the last part, we observe that if xq € & C & then applying this feedback
controller we have (A; + B, F; )xo € &1 C &L, therefore &1, is a positive invariant
set for the closed-loop system, and the relation (47) guarantee stability for the MPC
scheme QI(N ). &

Remark 3.7 It is well-known the following fact:
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Lemma 3.8 [4] Let £ = U;cz,&; be a union of polyhedral sets, such that £;NE; = ©
(empty set) for any i # j € Iy, then the condition x € £ can be expressed as mixed-
integer linear inequalities.

In Section 3.2 we have presented an algorithm to construct a big enough convex
terminal set. For this type of terminal sets the optimal problem QI(/V) is non-convex
(except N = 1), therefore difficult to solve on-line. If we construct a polyhedral
terminal set, the optimal problem becomes a mixed-integer quadratic programming
(also very demanding computationally), but using branch-and-bound methods is more
tractable that the non-convex problem.

From Section 3.2 we obtained a convex terminal set &,. According to Lemma 3.8
we can use also polyhedral or union of polyhedral sets: U;cz,E(7) with £(i) = {x €
R™ : H;x < h;} C P; as a positive invariant terminal set. One way of obtaining such
a union of polyhedral sets is:

{z: xTPiyL_lm <1INP; CE@G) C{x: xTP@Lx <1}nP;

and then use U;c7,&(7) as a terminal set, and as terminal cost P(z) = 27 P; px if
x € P;, where P; 1, are given by the LMIs (47). Finding such a set £(7) is an LMI
problem. Proposition 3.3 still holds, but this time the optimal problem is a mixed-
integer quadratic programming.

Another way to construct a terminal convex set is presented in [8, 17]. Moreover,
in [8] sufficient conditions are given for this set to be a polytope. &

Example 1: We consider the PWL system (41) with system matrices given by:

A _| 035 —o06062] , 0.35  0.6062
17106062 035 2T 06062 035 |

Bi=B=| ] ] o <5 loal 5.l <1,
El1=[10], F2=[-10],Q=1, R=0.1.
taken from [1].

For this system the LMIs from Step 1 has a solution for a common P:

0 1.967
Fiq=[—0.4646 —0.1423], Fb, = [0.4646 — 0.1423).

1.3593 0
P1,1:P2,1:P1={ ],

Iterating Step 2 for L = 3 we obtain the following terminal set (positive invariant set):

B o 7| 0.0441 0
E={zeR :z [ 0 0.0627 x <1}
and applying then Step 3 we obtain the following quadratic terminal cost:

67534 0
Pla) == [ 0 9.2863]33'

If we apply the MPC scheme QI(/N) for the terminal ellipsoidal set given by P; we

need at least NV = 4 in order to have feasibility of the optimization problem for any = €
[—5 5] x[—5 5]. Therefore we have to solve on-line a non-convex optimization problem
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Figure 1: Enlargement of ellipsoidal terminal set and the trajectory corresponding to
MPC scheme QI(1).

(computationally very demanding), but using the terminal set and cost given by this
algorithm for N = 1 the optimization problem is feasible for any x € [—5 5] x [—5 5].
Therefore, at each step we have to solve a convex optimization (which actually is a
optimization problem with quadratic objective function subject to linear and quadratic
constraints), see also Figure 1.

4 Appendix

Fact 1
Let Q be a (n + 1) x (n 4+ 1) symmetric matrix. Then @ > 0 if and only if

T
[]17] Q[T]ZO, for any x € R™.

Fact 2 (Finsler’s lemma) Let () be a symmetric matrix and a matrix B of appropri-
ate dimension. The following two relation are equivalent:

i) B*TQB* <0

(ii) Q@ < 0BT B, for some o € R.

Fact 3 (Proof Proposition 2.6) The first case 7,7 € Z; was already proved. For
each of the three remaining cases we will give the corresponding LMIs and BMISs.
Afterward, we apply the same steps as in the proof for the first case.

Recall that we have defined:

P0] ... Popi | .
PZ:|:0 O:|’1fZ€I();PL':|: Zﬂ ;i},lfzell.

We also define:

S, Fyifi € Io; S; = [ S;; 5 } JFy = [F; f;]ifi e T,.

Sii
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Case 2: 1,7 € Zy. Then (8)-(9) become:

Pi=Q-E[U;E: x .
Ai +~BiFi Sj 0 Z 0: i+ 5 S 21.
F; 0 R7!

Case 3: 1 € Iy, j € I;. We define:

A1) = [ Ai *OBiFZ' ! } JF, = [F; 0] if i € T,

then (8) becomes:

Pi — Q_ — E’ZTU;]E'Z * *
Az(l) Sj 0 > 0.
F; 0 R!

Case 4: 1€ 1y,5 € Ty. We define:
Ai(2) = [4; @)+ BilE; fi],

then (8) becomes:

Pi—Q—-ElU;E;, = x
Ai(2) Sj 0 >0
F; 0 R!

Fact 4 (Proof Proposition 2.9)
We have considered the general PW quadratic Lyapunov function:

A o
v g Y ifie 1,
@) 1 0 o0l]1
xTr) =
TUop| T itien
1 1

But from LMIs (35) S;” L — P, therefore to get 152», i € Iy we should declare

S o] .
Sv|:0 1:|,ZEIO

and then P; = S;*, Vi € Io.
Due to degree of freedom introduced by G, when we have a PWA system we should
proceed as follows: take

with g; = 0 if ¢ € I, therefore
F=[Y,¢" gigtlieh, F=[Y;,G"" 0], il
In this case the feedback controller has the general form:

1

uw=Y,G o435 ", zeP;, iel, u=Y,G 'z, xeP;, icl

20



We have to discuss the other three cases as we did in Fact 2.
Fact 5 (Algorithm for computing 0 < P < S~1) We want to solve the feasibility
problem: find { P;, S;, F; };c7 that satisfy the following matrix inequalities

LMI(SL,P“Fz) <0 (49)
0< P <8t forallicZ, (50)

where LMI(S;, P;, F;) < 0 are LMIs as in (27). It is clear that 0 < P; < Si_1
is equivalent with 0 < S; < P! or Amax(PS) < 1 (Amax denotes the maximum

3

eigenvalue). We take 0 < 6 < 1. The algorithm consist in three steps (see also [13]).

Step 1

Solve LMI(S;, P;, F;) < 0, forall i € Z. Therefore we have available { P?, S?, F '}, c1.
If P? < (S?)~! then we stop, because we found a solution. Otherwise, choose
ﬁzo > AmaX(F)zOS?)'

Step 2

For all £ > 0. Fix Pik. Solve the following LMIs:

LMI(S;, PF,F;) <0 (51)
0<S; < BkPF)™L forallieT, (52)
We obtain {S¥},c7 and we define o = (1 — ) A\ax (ST PF) + 055,

Step 3
Fix Sf *1. Solve the following LMIs:

LMI(SF P Fy) <0 (53)
0< P <af(SFh=1 foralli € Z, (54)
We obtain { PF*1 FF 11, and we define 87! = (1 — ) \pax (PFT1SEH) 4+ 00k
Properties of the algorithm:
1. If Step 1 is feasible then Step 2 and 3 are feasible for all £ > 0.

2. If there exists k such that of < 1in Step 2 or 3% < 1 in Step 3 for all i € Z,
then we stop the algorithm. We found a solution.

3. 0 < B! < ok < BF forall i € Z. Therefore there exists 8 = limy_,, 3 for
alli € Z. If B} < 1foralli € Z, then the algorithm gives us a solution.

4.1 Example 2

We give now an example where the approach from Proposition 2.9 does not give a solu-
tion, while applying the Proposition 2.6 we obtain a solution for the matrix inequalities
that we have to solve.

x(k+1)=

vV IV IV IV
o o o o
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where the matrices of the system are given by

A — |05 061 A4, — | 092 0.644
=109 1345 |7 727 | 0.758 —0.71 |’

A3 = Ay, Ay = Ay, B; =[1 07 forallic {1,2,3,4}.

The partitioning is given by:

-1 1 -1 1
E1={1 1],E2={ 1 1}>E3=—E17E4=—E2-

The tuning parameters Q and R are given by: Q = 10~%I,, R = 10~3. We consider
the following constraints: |z1]| < 5, |z2| <5, |u] < 2.

For this example applying the LMIs from Proposition 2.9 we do not get a feasible
solution (using the Matlab LMI toolbox). We obtain conclusive results only if we are
looking for a piecewise quadratic Lyapunov function and only if we apply the relax-
ations (S-procedure) from Proposition 2.6. We obtain as a feasible solution (applying
the algorithm that we have proposed in Fact 5) the piecewise linear controllers u = F;x
if x € P;, with

F, =[-0.7162 —0.9662], F; = [0.7657 — 0.4762], F3 = Fy, Fy = F>,
and the piecewise quadratic Lyapunov function P(z) = 27 Pz if z € P; with

0.1589 0.1235} P _{ 0.0834 —0.0207
y 12 —

A= [ 0.1235 0.1408 —0.0207  0.0815 } Py =Py, Py = Py,

g — 19.5829  —17.1677 g, — 12.1854  2.9662
V7 —17.1677 0 221358 |77 T | 29662 12.9486

:|7S3:‘917S42527

where the matrices U;; obtained by applying the relaxations from Proposition 2.1 are
given by:

U, — | 00046 0.0265 ] [ 0.0040 0.0301
=1 00265 0.0122 |°72 7| 0.0301 0.0065 |’

U — | 0-00010.0010 T - [ 0.0001 0.0022
2271 0.0010 0.0158 |2 721 7 | 0.0022 0.0154 |-

Using Remark 3.5 for Step 2 we obtain that the terminal set £, = {x € R? :
2T P, po <1, i = 1,2} is given by:

P =

0.1405 0.1125 ] [ 0.0687 —0.0292
0.1125 0.1228 |[** 2L = | —0.0292 0.0689

The terminal cost is obtained from Step 3: P(x) = 27 P, sz if x € P;:

4.8284  1.5050 4.4540 0.4351
Prp="Pss= { 1.5050 0.8351 ] Pop=Far= { 0.4351 1.2127 } '

Applying the MPC for this terminal set and cost we obtain the trajectory from Figure
2.
For solving the LMIs we used the Matlab LMI toolbox.
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Figure 2: The ellipsoidal terminal set and the trajectory corresponding to MPC scheme

QI(1).

5 Conclusions and Future Research

In this paper we have derived stabilization conditions for the class of PWA systems us-
ing the LMI framework. We consider the class of piecewise affine feedback controllers
that guarantee stability of the closed-loop system. These controllers are derived from
imposing that certain piecewise quadratic functions to be Lyapunov functions for the
closed-loop system. Using LMIs arguments we have proved that the infinite-horizon
quadratic cost is bounded if certain LMIs are satisfied. Using the upper bound of the
infinite-horizon quadratic cost as a terminal cost and constructing also a convex ter-
minal set, we show that the quasi-infinite receding horizon control stabilizes the PWA
system. For future research we want to investigate stability of PWA with disturbances
using a similar approach. Due to disturbance we do not have convergence to 0 but
rather to a neighborhood of 0.
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